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1. OVERVIEW

Guth's inflationary Universe scenario has revolutionized our thinking about the
very early Universe, The inflationary scenario offers the possibility of explaining
a handful of very fundamental cosmological facts—the homogeneity, isotropy, and
flatness of the Universe, the origin of density inhomogencitics and the origin of the
baryon asymmetry, while at the same time avoiding the monopole problem. It is
based wpon microphysical events which occurred early (¢ < 107 * sec) in the history
of the Universe, but well after the planck epoch (¢ > 107 4% sec). While Guth's
original model was fundamentally flawed, the variant based on the slow-rollover
transition proposed by Linde, and Albrecht and Steinhardt (dubbed ‘new inflation’)
appears viable. Although old inflation and the earliest tnodels of new inflation were
based upon first order phase transitions associated with spontaneous-symmetey
breaking {SSB), it now appears that the inflationary transition is a much more
generic phenomenon, being associated with the evolution of a weakly-coupled scalar
field which for some reason or other was initially displaced from the minimum of its
potential. Models now exist which are based on a wide variety of microphysics: $SB,
SUSY/SUGR, compactification of extra dimensions, R? gravity, induced gravity,
and some randoimn, weakly-coupled scalar ficld. While there are several models which
successfully implement the inflation, none is particularly compelling and all seem
somewhat ad hoc. The common distasteful featurc of all the suceessful models is the
necessity of a small dimensionless number in the model --usually in the form of a
diwensionless coupling of arder 10 "', And of course, all inflationary scenatios rely
upon the assumption that vacuum energy [or equivalently a cosmological term) was
once dynamically very stgnificant, whereas today there exists every evidence that it
is not (although we have no understanding why it is not). For these reasons | have
entitled these lectures Toward the Inflationary Paradigm. I have divided my lectures
inte the lollowing sections: Successes of the standard cosmology; Shorteomings of
the standard cosmology; New inflation—the slow- rollover transition; Scalar field
dynamics; Origin of density inhomogeneities; Specific models, I. Interesting failures;
Lessons learned —prescription for successful inflation; Two models that work; The
Infiationary paradigm; Locse ends; and Inflation confronts observation,
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Figure 1: Summary of microwave background temperature meesurements from A ~
0.05 to 80 cm {see refs. 4). Measurements indicate that the background radiation is
well described as a 2.75+0.05K blackbody. PW denotes the discovery measurement

of Penzias and Wilson.
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Figure 2: Summary of microwave background anisotropy measurements on angular
scales from 10" to 180° (see ref. 5). With the exception of the dipole measurements,
the rest are 95% confidence upper limits to the anisotropy.
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Figure 3: Dig bang nucleosynthesis predictions for the primordial abundances of
D, %He, *He, and “Li. ¥, = mass fraction of *He, shown for N, = 2, 3, 4 light
neutrino species. Present observational data suggest: 0.23 < Y, < 0.25, (D/H), 2
1x1075, [{(D+3He)/H], < 1074, and (TLi/H), = {1.140.4} x 10~ 1%, Concordance
requires g =~ (4 — 7) x 10 '%. For further discussion aee ref, 6.
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2. THE STANDARD COSMOLOGY AND ITS SUCCESSES

The hot, big bang cosmology— the so-called standard cosmology, neatly ac-
counts for the (Hubble) expansion of the Universe, the 2.7 K microwave background
radiation [see Figs. 1,2}, and through primordial nucleosynthesis, the cosmic abun-
dances of the light elements D and *He {and in all likelihood, 3He and 7L{ as well;
see Fig. 3). The most distant galaxies and Q50's observed to date have redshifts in
excess of 3 —the current record holders are: for galaxies z = 3.2 [ref. 1) and QS0’s
z = 4,0 (ref. 2). The light we observe from an object with redshift z = 3 left that
object only 1-2 Byr after the bang. Cbservations of even the most distant galaxies
and QS50's are consistent with the standard cosmology, thereby testing it back to
times as early as 1 Byr (see, e.g., ref. 3). The surface of last scattering for the mi-
crowave background is the Universe at an age of a few x 10° yrs and temperature of
sbout 3000 K. Measurements at wavelengths from 0.05 cm to 80 ¢m indicate that it
is consistent with being radiation from a biackbody of temperature 2.75 K + 0.05 K
{see Fig. I and ref. 4). Mecasurements of the isctropy indicate that the temperature
is uniform to a part in 1000 on angular scales ranging from 10" to 180°—to a part in
10* after the dipole component is removed (see Fig. 2 and ref. 5). The observations
of the microwave background test the standard cosmology back to times as early
as 100,000 yrs. According to the standard cosmology, when the Universe was 0.01
sec- 300 sec old, corresponding to temperatures of ~ 10 MeV-0.1 MeV, conditions
were right for the synthesis of a number of light nuclei. The predicted abundances
of D, ®He, *He, and 7 L1 are consistent with their observed abundances provided
that the baryon-to-photon ratio is

= gy = (4-T7) 210710 1)

The baryon-to-photon ratic and the fraction of critical density contributed by
baryons are related by: flh%/T§; =~ 3.53 x 107n where T2y is the microwave
temperature in units of 2.7K and Ak is the present value of the Hubble con-
stant in units of 100 km s=! Mpc~!. The allowed range for n corresponds to:
0.014 £ ph* /T3, £0.025, implying that baryons alone cannot provide the closure
density. The concordance of theory and observation for I and *He is particularly
compelling evidence in support of the standard cosmology as there are no known
contemporary astrophysical sites which can simultancously account for the primor-
dial abundances of both these isotopes (see Fig. 3; see ref. 6 for Further discussion
of primordial nucleosynthesis). In sum, all the available evidence indicates that
the standard cosmnology provides an accurate accounting of the evolution of the
tniverse from 0.01 sec after the bang until todey, some 15 or so Byr late  yuite a
remnarkable achievement!

I will now briefly review the standard cosmology (inore complete discussions
of the standard coamology are given in ref. 3). Throughout I will use high eunergy
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physics units, where & - k = ¢ — 1. The following conversion factors may be useful.

1GeV 71 = 0.197 x 107 B3¢
1GeV ! = 0.658 x 10~ Msee
1GeV = 1,160 x 101° K
1GeV* == 232 x 10" gern” ¥
Mg - 1,99 x 10%g ~ 1.2 x 10%7 baryons
Ipc = 3.26light -- year ~ 3.08 » 10"%cm
IMpe = 3.00 x 10%em
&y - 6,673 x 10 acm“g"sec 2 m;,?

(i = .22 % 10"0eV)

On large scales (33 100M pc) the Universe is isotropic and homogeneous, as evi-
denced by the uniformity of the 2.7 K background radiation, the x-ray background,
and counts of galaxies and radio sources, and so the standard cosmology is based
on the mmaximally-symmetric Robertson -Walker line element

ds? = -dt? v RP)|drP /ML kr?) ) r2de% | riain?0dg?) (2}

where ds? is the square of the proper separation between two space-tirne events, k is
the curvature signature (and can, by a suitable rescaling of 2, be set equal to-1,0, or
+1}), and R(t) is the cosmic scale factor. The expansion of the Universe is embodied
in R(f)- as R(t] increases all proper (i.e., physical as measured by meter sticks)
distances acale with R{t). The coordinates r, #.and i are comoving coordinates: test
particles initially at rest will have constant comoving coordinates, and the velocity
of NR test particles moving with respect to the comaving coordinates decrease
{oc R{t) '). The distance between two objects comoving with the expausion, e.g.,
two galaxies, situply scales up with R(t]. The momentum of any freely-propagaling
particle decreases as 1/ R(t}. In particular, the wavelength of a photon A o R(¢),
i.e., is redshifted by the expansion of the Universe

The coardinate distance at which curvature effects become naticeahble is [&] 172,
which corresponds to the physical (or proper) distance

Rewre ~ R(1) k|72 (3)

-—which one might call the curvature radius of the Universe. Note that R.y.,. also
Jjust scales with the cosmic scale factor R(f).

The evolution of the cosmic scale factor and of the stress energy in the Universe
are governed by the Friedmann cquations:

H? = (R/R)? = 81Cp/3 - k/R* {4)
d(pR’) = - pd( R’ {5)
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where p is the total energy density and p is the isotropic pressure. {The assumption
of isotropy and homogeneity require that the stress-energy tensor take on the perfect
fluid form: T¥ = diagonal(—p, p, p, p).] Because poxc R~ (n = 3 for matter, n =4
for radiation) it follows from Eqn.{4) that model Universes with k < 0 expand
forever, while those with k > 0 must necessarily recollapse.

The expansion rate H (also known as the Hubble parameter) sets the character-
istic timescale for the growth of R{t}: H ! is the e-folding titne for R. The present
value of H is

H = 100k km sec”™ ' Mpc;

where the observational data strongly suggest that 0.4 < h <1 (ref. 7).
The sign of the spatial curvature k -and the ultitnate fate of the Universe can
be determined from measurements of g and H:

k/H2R?

p/(BH?/BrG) — 1

=i-1 (©)

where 1! = p/peric and poriy = 1.88R7 x 107 9gem ™ = 1.05 % 10'h%eVern 3. The
curvature radius, Re,,,, is related to {1 by

(Rcuw,'{ﬂri'}2 = 1/(“ - 1, (7]

A reliable and definitive determination of [} has thus far eluded cosmologiats.
Based upon the tuminous matter in the Universe (whick is relatively easy to keep
track of) we can set a lower bound to 0

0> fIrya =001

Dased on dynamical technigues---which all basically involve Kepler’s third law in
one guise or another, the observational data seem to indicate that the toaterial that
clusters with visible galaxies on scales < 10-30 Mpc accounts for

n(;,”, ~01-03

Although 1 can, in principle, be determined by measurements of the decelera-
tion parammeter gp
90 = —(R/R)/H?,
— (1 4 3pfp)/2,

because of the difficulty of reliably determining g, the observations probably only
restrict {1 to be less than a few”. |For a more thorough discussion of the amount of
matter in the Universe see ref. B.]

The best upper limit to 1 comes from the age of the Universe, The age of the
Universe is related to the Hubble time H ! by

te = S{MH; {9
8

(8)
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Figure 4a: The age of a matier-dominated, A = 0 model universe in Hubble units,
F{N) = Hyt,,, »s & function of .

R

Figure 4b: The functions 117 and Q1A% {h = 0.4 and 0.5}. The function Nf?/t3,
bounds NE? from above, For t1g > 1 and k > 0.4{0.5), this implies NA? < 1.1{0.8).
The age of the Universe t, = #3010 Gyr.

where f({1) is 2 monotonically decreasing function of f1; f{0) = 1 and f(1) -- 2/3
for a matter-dominated Universe and 1/2 for & radiation-dominated Universe. The
dating of the oldest stars and the elements strongly suggest that the Universe is at
least 10 Byr old—the best estimate being around 15 Byr 0ld®. From Eqn(9) and
tu = L1010 Byr it follows that {1/ /t3, > {1h?. The function 11f? is monotonically
increasing and bounded above by #?/4, implying that independent of k, Ih? <
2.5/13,. Requiring h > 0.4 and t;5 > I, it follows that QA7 < 1.1 (see Fig. 4),

The encrgy density of the Universe quite naturafly splits up into that con-
tributed by relativistic particles —today the microwave photons and cosmic neutrino
backgrounds, and that contributed by non-relativistic particles-- baryons and what-
evet else! The energy density contributed by non-relativistic particles decreases as
R(t)~®—just due to the increase in the proper volutne of the Universe, while that
of relativistic particles varies as R{t) *—-the additional factor of R being due to
the fact that the momenta of relativistic particles are redshifted by the expansion.
[Both of these results follow directly from Eqn(S).]

The energy density contributed by relativistic particles at temperature T is

= g T) T (10)
pr = 9.(T) o

where ¢,(T) counts the effective number of degrees of freedom {weighted by their
temperature) of all the relativistic particle species (those with m « T):

9{T) = 3~ enlT/T)* +1/8 3 ge(TT)", (11)
Bose Fermi

here T, is the temperature of the species ¢, and 7" is the photon temperature.
Today the energy density contributed by relativistic particles {photons and three
neutrino species) is very small {g. = 3.36)

Ny ah? =4 x0T,

However, because pg o« B4, while px g x R™?, at early times the energy density
contributed by relativistic particles dominated that of non-relativistic particles. To
be specific, the Univerase was radiation-dominated for

t <tpg =~ 4x10"%sec((1h?)17F,,

R < Reg~ 410 *Reaay (IR 7IT] 5,

T > Teq = 5.8:VOLTE .
Therefore, at very early times Eqn(4) simplifies to

H= [R/R} = [41r3g.f45}”2T3/mP;,
= l.Gﬁg:’fQTn/mp;

(12)

|Note since the curvature term varies as R(t}~? it too is negligible compared
to the energy density in relativistic particles.] For reference, g.({fewMeV) =
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10.75 (v, ef, 3ur); g, (100GeV) ~ 110 (4, 863, WY Z, 3 families of quarks and
leptons, and 1 Higgs doublet).

So long as thermal equilibrium is maintained, the second Friedmann equation,
Eqn(5), implies that the entropy per comoving volume, § « sR?, remains constant.
Here 2 is the entropy density which is dominated by the contribution from relativistic
particles, and is

s {pt P)/T = (207 /45)g. T, (13)

The entropy density is just proportional 1o the number density of relativistic par-
ticles. Today the entropy density is just 7.04 times the number density of photons.
The constancy of § means that s «« R™3, or that the ratio of any number density
to s is just proportional to the number of that species per comoving volume. The
baryon niunber-to-entropy ratio is

np/s = (1/N)q ~ (6 - 10) x 10 !

and since today the number density of baryona is much greater than that of an-

tibaryons, this ratio is also the net baryon number per comoving volume - which is

conserved so long as the rate of baryon-number nen-conserving reactions is swmall.
The constancy of § implies that

To g (T V2R (14)

Whenever g, is constant, this means that T oc R(t) ' Together with Eqn(12) this
gives
RU} = R{to)(t/ta)' 72,
t~ 1/2H ' =2 03¢V 2m (TP (15)
~ 2.4 % 10" %sec g; VT /GeV) 2,

Finally, let me mention one more important feature of the standard cosmelogy,
the existence of particle horizens. In the standard cosmology the distance a photon
could have traveled since the bang is finite, meaning that at a given cpoch the
Universe is comprised of many causally-distinct domains. Photons travel on paths
characterized by ds? = 0 for simplicity and without loss of generality consider a
trajectory with di == df = 0. The coordinate distance traversed by a photon sinee
‘the bang’ is

3
f dt’'/R(t")
0
which corresponda to the physieal distance {measured at time ¢)
t
d”(!) £ R(!)[ dt'/R{!']. (Iﬁ)
(1]

If R{t) o t™ and n < 1, then the horizon distance dpy{t) is finite and dy(t) -
(1 - n) = nH /(1 n)~t

Note that even if dy(t) diverges {eg., if R{t) o« t" with n > 1], the Hub-
ble radius H ~! atill seta the scale of the ‘Physics Horizon". All physical distances
scale with B(t). Thus microphysical processes operating on a timescale 2 #71 will
have their effects distorted by the expansion, strongly suggesting that & coherent
microphysical process can only operate over a time interval of order H—!'. Then,
causally-coherent microphysical processes can only operate on distances < the Hub-
ble radius, H ~!. The intuitive notion that the Hubble radius acts as the ‘Physics
Horizon' is borne cut quantitatively time and time again, and so it is useful to think
of H! as the maximum scale for microphysical processes.

During the radiation-dominated era n = 1/2 and dy (i) = 2t; the entropy and
baryon number within the horizon at a given time are easily computed:

S"on = (4#/3)!38,
= 0.059. /¥ (mpt /T)®,

Ng_nor = (rp/s)Suor,
= 107 ¥ (mp /T)?,
2 107 TMG (TMeV) 2

We can compare these numbers to the entropy and baryon number contained within
the present horizon volume:
Sy ~ 10°8,
Npu ~ 1078.

Evidently, in the standard cosmology the comoving volume which corresponds to
the part of the Universe which is presently observable contained many, many horizon
volumes at early times. This is an important poiat to which we shall return shortly.

3. SHORTCOMINGS OF THE STANDARD COSMOLOGY

The standard cosmology is very successful—it provides us with a reliable frame-
work for describing the history of the Universe ns early as 10~? sec after the bang
{when the temperature was about 10 MeV) and perhaps &s early as 1043 sec af-
ter the bang {see Fig. 5}. In sum, the standard cosmology is a great achievement.
[There is nothing in our present understanding of physics that would indicate that it
is incorrect to extrapolate the standard cosmelogy back te times as early as 1047
sec——the fundamental conatituents of matter, quarks and leptons, are point-like
particles and their known interactions should remain ‘weak’ up to energies as high
as 10!'% GeV—justifying the dilute gas approximation made in writing p, x T*
{This fact was frst pointed out by Collins and Perry®"). However, at times carlier
than 10 %% sec, corresponding to temperatures greater than 10'% GeV, quantum
corrections Lo general relativity--a classical theory, should become very significant.)

However, it is not without its shortcomings. There are a handful of very impor-
tant and fundamental cosmological facts which, while it can accommodate, it in no
way elucidates. I will briefly review these puzzling facts.
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Figure 5: History of the Universe according to the standard cosmology and currently
fashioneble ideas in particle theory.
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(1-2) Large-scale Lsotropy and Homogeneity

The observable Universe {size ~ H -1 = 10%8%¢ni = 3000 h™ ! Mpc) is to a high
degree of precision isotropic and homogeneous on the largest scales, say > 100Mpe.
|Of course, our knowledge of the Universe outside our past light cone is very lim-
ited; see ref. 10.] The best evidence for the isotropy and hemogeneity is provided by
the uniformity of the cosmie background temperature (see Fig. 2}: (§T/T) < 1072
{10~4 if the dipole anisotropy is interpreted as being due to vur motion relative to
the cosmnic rest frame). Large-scale density inhomogeneities or anisotropic expan-
sion would result in temperature fluctuations of comparable magnitude {see refs.
11, 12). The smoothness of the observed Universe is puzzling if one wishes to un-
derstand it as being due to causal, microphysical processes which operated during
the early history of the Universe. Our Hubble voliune today contains an entropy of
about 10%%. At decoupling (¢ = 6 x 10'*(2h?)~/3gec, T = 1/3eV), the last epoch
when matter and radiation were known to be interacting vigorously and particle
interactions might have been able to smooth the radiation, the entropy within the
horizon was only about 8 x 10%%; that is, the comoving volume which containa the
presently-observable Universe, then was comprised of about 2 x 10° causally-distinct
regions. How is it that they came to be hotnogeneous? Put another way, the particle
horizen at decoupling only subtends an angle of about 1/2° on the sky today---how
is it that the cosmic background temperature is so uniform on angular scales much
greater than this?

The standard cosmology can accommodate these facts --after all the FRW cos-
mology is exactly isotropic and homogeneous, but at the expense of very special
initinl data. In 1973 Collins and Hawking!? showed that the set of initial data
which evolve to a Universe which globally is as smooth as ours has measure zero
(provided that the strong and dominant energy conditions are always satisfied).

(3) Small-scale Inhomogeneity

As any real astronomer will gladly testify, the Universe is very lumpy —stars,
galaxies, clusters of galaxies, superclusters, etc. Today, the density contrast on
the scale of galaxies is: 6p/p ~ 105, The fact that the microwave background
radiation is very uniform even on very small angular scales {<& 1°) indicates that the
Universe was smooth even on the scale of galaxies at decoupling. [The relationship
between the angle on the sky and mass contained within the corresponding length
scale at decoupling is: 8 = 1'(M/10'* M) '/~ 1/24Y/3 | On small angular scales:
ST/T == ¢(6p/p)dec, where the numerical constant ¢ ~ 10! — 10-% (zee ref. 12 for
further details). Whence came the structure which teday is so conspicuous?

Once matter decouples from the radiation and is free of the pressure support
provided by the radiation, any density inhomogeneities present will grow via the
Jeans (or gravitational instability) - in the linear regime, §p/p o R{t). |If the mass
denaity of the Universe is dominated by a collisionless particle species, e.g., a light,
relic neutrino species or relic axions, density perturbations in these particles can
begin to grow as soon as the Universe becomes matter-dominated.] In order to
account for the present structure, density perturbations of amplitude ~ 1073 or so
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at decoupling are necessary on the scale of galaxics. The standard cosmology sheds
no light as to the origin or nature [spectrum and type-—-adiabatic or isothermal)
of the primordial density perturbations so erucial for understanding the structure
observed in the Universe today. [For a review of the formation of structure in the
Universe according to the gravitational instability picture, see ref. 14.]

(4) Flatness [or Oldness) of the Universe
The obscrvational data suggest that

0.01 < 1 < few.

[ is related to both the expansion rate of the Universe and the curvature radjus of
the Universe:

1= 8nGp/3H? = AL, /H?, (17)
Iﬂ o ll = (Hilchurulg‘ (18)

The fact that {1 is not too different from unity today implies that the present
expansion rate is close to the critical expansion rate and that the curvature radius
of the Universe is comparable to or larger than the Hubble radius. As the Universe
expands { does not remain constant, but evolves away from 1

=11 2(), (19)

z(t) = (k/R"}/(82Gp/3), (20)
R(t)* radiation - dominated
=) o { R{t) matter - dominated

That 1 is still of order unity means that at early times it was equal to 1 to a very
high degree of precision:

[2(10"*3sec) - 1| = Of10 *9),
[f(1sec) - 1} ~ O(10 '€},

This in turn implies that at early times the expansion rate was equal to the crit-
ical rate to a high degree of precision and that the curvature of the Universe was
much, much greater than the Hubble radius. If it were not, i.e., suppase that
|(k/RY)/(87Gp/3)| = O(1} at t ~ 107 % zee, then the Universe would have col-
lapsed after a few Planck times (k > 0} or would have quickly become curvature-
dominated, (k < 0), in which case R(t) o ¢ and t{T = 3K} < 1077 sec! Why was
this so?

The so-called Aatness problem has sometimes been obscured by the fact that it
is conventional to rescale R(t) so that &k = - 1, 0, or +1, making it seem as though
there are but three FRW models. However, that clearly is not the case; there are
an infinity of models, specified by the curvature radius Rou,0 = R(£)}k|" /3 at some
given epoch, say the planck epoch. Gur model corresponds to one with a curvature
radius that exceeds its initial Hubble radius by 30 orders-of-magnitude. Again, this
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fact can be accommodated by FRW models, but the extreme flatness of our Universe
is in no way explained by the standard cosmology. [The flatness problem and the
naturalness of the £ = 0 model have been emphasized by Dicke and Peebles.!4?|

(5) Baryon Number of the Universe

There is ample evidence [see ref. 15) for the dearth of antimatter in the
observable Universe. That fact together with the baryon-to-photon ratio (g =
4 ~ T x 107'%) means that our Universe is endowed with a net baryon number,
quantified by the baryon number-to-entropy ratio

nafs=(6-10) x 10" ',

which in the absence of baryon number non-conserving interactions or significant
entropy production is proportional to the constant net baryon number per comoving
volume which the Universe has always possessed. Until five or so years ago thia very
fundamental number was without explanation. Of course it is now known that in
the presence of interactions that violate B, C, and CP a net baryon asymmetry will
evolve dynamically. Such interactions are predicted by Grand Unified Theories (or
GUTs) and ‘baryogenesis’ is one of the grest triumphs of the marriage of grand
unification and cosmology. [See ref. 16 for a review of grand unification.| If the
baryogenesis idea is correct, then the baryon asymmetry of the Universe is subject
to caleulation just as the primordial Helium abundance is. Although the idea is very
attractive and certainly appears to be qualitatively correct, a precise calculation of
the baryon number-to-entropy ratio cannot be performed until The Grand Unified
Theory is known. [Baryogenesis is reviewed in ref. 17.]

(6) The Monopole Problem

If the great success of the marriage of GUTs and coamology is baryogenesis, then
the great disappointment is ‘the monopole problem’. ‘t Hooft-Polyakov monopoles'®
are a generic prediction of GUTa. In the standard cosmology (and for the simplest
GUTs) monopoles are grossly overproduced during the GUT symmetry-breaking
transition, so much so that the Universe would reach its present temperature of 3K
at the very tender age of 30,000 yrs! [For a detailed discussion of the monepole
problem, see refs. 19, 20.] Although the monopole problem initially seemed te be
a severe blow to the Inner Space/Quter Space connection, as it has turned out it
provided us with a valuable piece of information about physica at energies of order
1011 GeV and the Universe at times as early aa 10734 sec.—the standard cosmology
and the simplest GUTe are definitely incompatible! As it turned out, it was the
scarch for a solution to the monopole problem which in the end led Guth to come
upon the inflationary Universe scenario?!?2,

(7) The Smallness of the Cosmological Constant

With the possible exception of supersymmetry/supergravity and superstring
theoriea, the absolute scale of the scalar potential V (¢} is not specified [here ¢
represents the scalar fields in the theory, be they fundamental or compoaite). A
constant term in the scalar potential is equivalent to & cosmological term (the
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Figure 6: In gauge theories the vacuum energy is a function of one or more scalar
fields (here denoted collectively as ¢); however, the ebsolute energy scale is not set.
Vacuum energy behaves like a cosmological term; the present expansion rate of the
Universe constrains the value of the vacuum encrgy today to be < 10746 GeV4,

scalar potential cantributes a tertn Vg,, to the stress energy of the Universe??),
At low temperatures (say temperatures below any scale of sponianeous symmetry-
breaking) the constant term in the potential receives contributions fromn all the
stages of S8B-—<hiral symumetry breaking, electroweak SSB, GUT SSB, etc. The
observed expansion rate of the Universe (H = 160k km sec™'Mpc?) fimits the
:Lntal enerpy density of the Universe to be

fror < O{107*"GeV'?).

Making the secmingly very reasonable assumption that all stress energy self-
gravitates {which is dictated by the equivalence principle) it follows that the vacuum
energy of our SU(3) x (1) vacuum must be less than 10-15GeV4. Compare this
to the scale of the various contributions to the scalar potential: 0{Af*) for physics
associated with a symmetry breaking scale of Af

107 M=my
107197 A = 10MGeV
10758 A = 300GeV

1071 M = 1GeV

Viodap/M* < pror/M* <

At present there is no explanation for the vanishingly smell value of the energy den-
sity of our very unsymmetrical vacuum. It is easy {o speculate that a fundamental
understanding of the smallness of the cosmological constant will likely invelve an
intimate link between gravity and quantum field theory.

Today we can be certain the vacuum energy is small and plays a minor role
in the dynamics of the expansion of the Uriverse [compared to the potential role
that it could play). If we accept this as an empirical determination of the absolute

15

scale of the scalar potential V (#), it then follows that the energy density associated
with an expectation value of ¢ near zero is enormous— of order M* (see Fig. 6) and
therefore could have played an important role in the dynamics of the very early
Universe. Accepting this empirical determination of the zero of vacuumn energy--
which is a very great leap of faith, is the starting point for inflation. In fact, the
reat of the journey is dowuhill.

All of these conmological facts can be accommodated by the standard model,
but seemingly at the expense of highly special initial data (the possible exception
being the monopole problem). Over the years therc have been a number of attempts
to try to understand and/or explain this apparent dilemma of initial data. Inflation
is the most recent attempt and I believe shows great promise. Let me begin by
briefly mentioning the earlier atternpts:

* Mixmaster Paradigm-Starting with a solution with a singularity which exhibits
the features of the most general singular solutions known (the so-calted mixmas-
ter model) Misner and his coworkers hoped thet they could show that particle
viscosity would smooth out the geometry. In part because horizons still ef-
fectively exiat in the mixmaster solution ‘the chaotic cosmology program’ has
proven unsuccessful (for further discussion see refs. 24).

Nature of the Initial Singularity -Penrose?®explored the possibility of explaining
the observed smoothness of the Universe by restricting the kinde of initial sin-
gularities which are permitted in Nature {those with vanishing Weyl curvature).
In a sense his approach is to postulate a law of physics governing allowed initial
data.

Quantum Gravity Effects-The first two solutions involve appealing to classi-
cal gravitational effects. A nuinber of authors have suggested that quantum
gravity effects might be responsible for smoothing out the space-time geometry
(deWitt?®;Parker?”; Zel'dovich?%; Starobinskii?®; Anderson®®; Hartle and Hu?';
Fischetti et 8l.2?). The basic idea being that anisotropy and/or inhomogene-
ity would drive gravitational particle creation, which due to back reaction ef-
fects would eliminate particle horizons and smooth out the geometry. Recently,
Hawking and Hartle®® have advocated the Quantum Cosmology approach to
actually compute the initial state. All of these approaches necessarily involve
events at times < 10~ *3sec and energy densities 2 m¥,.

*

*

* Anthropic Principle-Some (sce, e.g., refs. 34) have suggested (or in some cases
even advocated) ‘explaining’ many of the puzzling features of the Universe
around us (and in some cases, even the laws of physics!) by arguing that unless
they were as they are intelligent life would not have been able to develop and
observe them! Hopefully we will not have to resort to such an explanation.
The approach of inBation is somewhat different from previous approaches. In-

flation {at least from my point-of-view) is based upon well-defined and reasonably
well-understood microphysics (albeit, some of it very speculative). That miero-
physics is:

* Classical Gravity (general relativity), at least as an cffective, low-energy theory
of gravitation.
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+ ‘Modern Particle Physics'-grand unification, supersymmetry /supergravity,
field theory limit of superstring theories, etc. at energy scales < myy
As [ will emphasize, in all viable models of inflation the inflationary period (at
least the portion of interest to us) takes place well after the planck epoch, with the
enecrgy densities involved being far less than m;, {zlthough semi-classical quantum
gravity effects might have to be included as non-renormalizable terms in the effective
Lagrangian}. Of course, it could be that a resolution to the cosmological puzzles
discussed above involves both ‘modern particle physics” and quantum gravitational
cflects in their full glory {as in a fully ten dimmensional quantum theory of strings).
1 will not take the time or the space here to review the historical development of
or present view of inflation; I refer the interested reader to the intercsting paper on
this subject by Lindley®®. It suffices to say that Guth's very influential paper of 1981
was the ‘shot heard 'round the world” which injtiated the inflation revolution,?? and
that Guth's doomed original model (see Guth and Weinberg®®; Hawking et al*%)
was revived by Linde’s®” and Albrecht and Steinhardt’s?® variant, ‘new inflation”.
[ will focus all of iy attention on the present status of the ‘slow-rollover’ model of
Linde?” and Albrecht and Steinhardt3®,

4. NEW INFLATION - THE SLOW-ROLLOVER TRANSITION

The basic idea of the inflationary Universe scenario is that there was an epoch
when the vacuum encrgy density dorminated the energy density of the Universe.
During this epoch p == V ~ constant, and thus R(t) grew exponentially [« ezp[ H!}),
allowing a small, causally-coherent region (initial size < H~'} to grow to a size
which encompasses the reginn which eventually becomes our presently-observable
Universe. In Guth's original scenario®?, this epoch ocenrred while the Universe was
teapped in the false (¢ - 0) vacuum during a strongly, first-order phase transition.
In new inflation, the vacuum-dominated, inflationary epoch occurs while the region
of the Universe in question is slowly, but inevitably, evolving toward the true, S§B
vacuum. Rather than considering specific models in this section, T will try to discuss
new inflation in the most general context. For the moment I will however assume
that the epoch of inflation is associated with a first-order, S8B phase transition,
and that the Universe is in thermal equilibrivm before the transition. As we shall
see later new inflation is more general than these assumptions. But for definiteness
{and for historical reasons), let me begin by making thesc assumptions.

Conrider a SSB phase transition characterized by an energy scale Af. For T' >
T. ~ 0(M) the symmetric (¢ = ) vacuum is favored, i.e., ¢ = 0 iz the global
minimurn of the finite temperature effective potential Vo (4) [ free energy density).
As T approaches T, a second minimum develops at ¢ == 0, and at T = T, the
two minima are degenerate. At temperatures below T the SSB (¢ = o) minimum
is the global minimum of Vr(#) {sec Fig. 7). However. the Universe does not
imstantly make the transition from ¢ 2 0 to ¢ - o) the detalls and time reqnired
are a gquestion of dynamics. [The scalar field ¢ is the order parameter for the S5B
transition under discussion; in the spirit of generality ¢ might be a gauge singlet
field or might have nontrivial transforination properties undee the gauge group,
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Figure 7: The finite temperature effective potential es a function of T (schematic).
The Universe is usually assumed to start out in the high temperature, symmetric
minimum (¢ = 0) of the potential and must eventually evolve to the low tempera-
ture, asymmetric minimum (¢ = o). The evolution of ¢ from ¢ =0 to ¢ = 6 can
prove to be very interesting—as in the case of an inflationary transition.

possibly even responsible for the SSB of the GUT.| Once the temperature of the
Universe drops below T, ~ O(Mf), the potential energy associated with ¢ being
far from the minimum of its potential, V = V(0] ~ AM* dominates the energy
density in radiation (p, < T1), and causes the Universe to expand exponentially.
During this exponential expansion [known as a deSitter phase) the temperature
of the Universe decresses exponentially ¢ausing the Universe to supercool. The
exponential expansion continues so long es ¢ is far from its SSB value. Now let’s
focus on the evolution of ¢.

Assuming a barrier exists between the false and true vacun, thermal fluciuations
and /ot quantum tunneling must take ¢ across the barrier. The dynamics of this
process determine when and how the process occurs (bubble formation, apinedal
decomposition, etc.) and the value of ¢ after the barrier is penetrated. If the action
for bubble nucleation remains large, Sy 2 1, then the barrier will be overcome by
the nucleation of Coleman-deLuccia bubbles;?? on the other hand if the action for
bubble nucleation becomes of order unity, then the Universe will undergo spinodal
decomposition, and irregularly-shaped fluctuation regions witll form (see Fig. 8; for
a more detailed discussion of the barrier penetration process see refs. 38-40). For
definiteness suppose that the barrier is overcome wher the temperature is Tysg and
that after the barrier is penetrated the value of ¢ is $g. From this point the journey
to the true vacuurmn is downhill (literally). For the moment let us assume that the
evolution of ¢ is adequately described by semi-classical equations of motion:

A+ 3H+Td+V =0, (21)

where ¢ hasz been normalized so that its kinetic term in the Lagrangian is
1/20,¢$0*¢, and prime indicates & derivative with respect to ¢. The subscript
T on V has been dropped; for T < T, the temperature dependence of V7 ¢an be
neglected and the zero temperature potential (= V) can be used. The 3H¢é term
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Figure 8 If the tunneling action is large (S 3 1), barrier penetration will proceed
via bubble nucleation, while in the case that it becomes small (§ ~ 0(1)), the
Universe will fragment into irregularly-shaped fluctuation regions. The very large
scale (scale =3 bubble or fluctuation region) structure of the Universe is determined
by whether § = (1) --in which case the Universe is comprised of irregularly-shaped
demains, or § = O(1} ~in which case the Universe is comprised of isolated bubbles.

acts like a frictional force, and arises because the expansion of the Universe *red-
shifts away' the kinetic energy of ¢{o R~?). The I'¢ term accounts for particle
creation due to the time-veriation of ¢[refs. 41, 42]. The quantity T is determined
by the particles which couple to ¢ and the strength with which they couple (T
lifetime of a & particle). As usual, the expansion rate H is determined by the energy
density of the Universe:

H? = 82G9/3, (22)
p=1/24% + V(g) + o, (23)

wlere p, represents the energy density in radiation produced by the time variation of
@. {For Tars <« T, the original thermal component makes a negligible contribution
to p.| The evolution of p, is given by

P tdHp, = T¢%, {24)
where Lhe I‘g{&z term accounts for particle creation by ¢,
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In writing Eqns.(21 24) I have implicitly assumed that ¢ is spatially homoge-
neous. In some small region (inside a bubble or a fluctuation region) this will be a
good approximation. The size of this stnooth region will turn oul to be unimpor-
tant; take it to be of order the ‘Physics Horizon®, H ! - certninly, it is not likely
to be larger. Now follow the evolution of ¢ within the small, smooth patch of size
HY

If V{¢#) is sufficiently flat sornewhere between ¢ = ¢p and ¢ - o, then ¢ will
evolve very slowly in that region, and the motion of ¢ will be ‘[tiction-dominated’ so
that 3H ¢ = — V' (in the slow growth phase particle creation is not important*?). If
V is sufficiently flat, then the timne required for 4 to Lransverse the flat region can be
long compared to the expansion timescale H ! for definiteness say, ry = 100H !
During this slow growth phase p =~ V(¢) =~ V(¢ = 0); both p, and 1/2¢? are
< V(4). The expansion rate H is then just

H =~ (82V[0)/3m})'/?

= O(M? fmy), @)

whete V (0} is assumed to be of order M. While H = constant, R grows exponen-
tially: R o ezp(Ht); for ry = 100H !, R expands by a factor of ¢'%? during the
slow rolling period, and the physical size of the smooth region increases to ¢'%CH- 1,

As the potential steepens, the evolution of ¢ quickens. Near ¢ = ¢, ¢ oscillates
around the SSB minimum with frequency gt mi ~ V'(a) ~ O(M?) » H? =~
M‘/m:,. As ¢ oscillates about ¢ — ¢ it3 motion is damped both by particle
creation and the expansion of the Universe. If I'"! « H-! then coherent field
energy density (V + l/2cfa3) is converted into radiation in less than an expansion
time {Aftgg =~ I}, and the patch is reheated to a temperature 7' ~ 0(M)-
the vacuumn energy is efficiently converted into radiation (‘good reheating’). On
the other hand, if It 3» H~!, then ¢ continues to oscillate and the coherent
field energy redshifts away with the expansion: {V + 1,‘2&'3} oc B2~ -the coherent
energy behaves like non-relativistic matter. Eventually, when ¢ = ! the energy
in radiation begins to dominate that in coherent field oscillations, and the patch is
reheated to a temperature T == (['/H)'/3IM =~ (Pmy)'/? < M (‘poor reheating’).
The evolution of ¢ is summarized schematically in Fig. 9. In the next section I will
discuss the all-important acalar field dynamics in great detail,

For the following discussion let us assume ‘good reheating’ (I' » H). After
reheating the patch has a physical size £'9°H % (= 10'7em for M ~ 101GeV), is
at a temperature of order M, and in the approximation that ¢ was initially constant
throughout the patch, the patch is exactly smooth. From this point forward the
region evolves like a radiation-dominated FRW model. How have the cosmological
conundrums been ‘explained’?

First, the homogeneity and isotropy; our observable Universe today (= 16?%cm)
hed a physical size of about Il0cm (= 10"cm x 3K/10'%GeV} when T was
10'4GeV—thus it lies well within one of the smooth regions produced by the in-
flationary epoch. Put another way, inflation has resulted in a smooth patch which
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Figure 9: Evolution of ¢ and the teroperature inside the bubble or Auctuation
region {schematic). Early an & evolves slowly {relative to the expansion timescale),
then as the potential steepens ¢ evolves rapidly (on the expension timescale). The
oscillations of ¢ are damped by particle creation, which leads to the reheating of
the bubble or fluctuation region.

contains an entropy of order (10"7%em)3 x (10MCeV)* ~ 10" which is much,
much greater than that within the presently-observed Universe {~ 10°8%), Be-
fore inflation that same volume confained ouly a very small amount of entropy,
about (1072*¢m)3(10'4GeV")® 2= 10", The key to inflation then is the highly non-
adiabatic event of rcheating (see Fig. 10). The very large-scale cosmography de-
pends upon the state of the Universe before inflation and how inflation was initiated
(bubble nucleation or spinodal decomposition); see ref. 45 for further discussion.

Since we have assumed that ¢ is spatially constant within the bubble or fluc-
tuation region, after reheating the patch in question is precisely uniform, and at
this stege the inhomogeneity puzzle has not been solved. Inflation has produced
a smooth manifold on which small fluctuations can be impressed. Due to deSit-
ter space produced quantum fuctuations in ¢, ¢ is not exactly unifortm even in a
small patch. Later,  will discuss the density inhomogeneities that result from the
quantum fluctuations in ¢.

The flatness puzzle involves the sinallness of the ratio of the curvature term to
the encrgy density term. This ratio is exponentially smaller after inflation: 2 e ==
200 1 b etore fitice the energy density before and after inflation is O{M*), while k/R?
has exponentially decreased (by a factor of €79}, Since the ratio z is reset to mn
exponentially small value, the inflationary scenario predicts that today €1 should be
1+ 0{10- BIG#),

If the Universe is reheated 1o a temperature of order M, a baryon asymmetry

e
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can evolve in the usual way, although the quantitative details may be different?743,

If the Universe is not efficiently reheated (Thy < M), it may be possible for ng /s
to be produced directly in the decay of the coherent field oscillations*! —** (which
behave just like NR ¢ particles); thie possibility will be discussed later. In any
case, it is absolutely necessary to have batyogenesis occur after reheating since any
baryon number {or any other quantum number) present before inflation is diluted by
a factor of (M/Taxs)? ezp(3H ry)—the factor by which the total entropy increases.
Note that if C, CP are violated spontaneously, then ¢ (and ng/s} could have a
different sign in different patches—leading to a Universe which on the very largest
scales (3 ¢!?"H 1) is baryon symmetric.

Since the patch that our observable Universe lies within was once (at the begin-
ning of inflation) causally-coherent, the Higgs field could have been aligned through-
out the patch (indeed, this is the lowest energy configuration), and thus there is
likely to be < 1 monopole within the entire patch which wes produced as a topo-
logical defect. The glut of monopoles which occurs in the standard cosmology does
not occur. |The production of other topological defects (such as domain walls, etc.)
is avoided for similar reasons.] Some monopoles will he produced after reheating
in rare, very energetic particle collisions*®®. The number produced in both expo-
nentially small and exponentially uncertain. [In discussing the resolution of the
monopole problem I am tacitly assuming that the SSB of the GUT is occurring
during the SSB transition in question, or that it has already occurred in an earlier
SSB transition; if not then one has to worry about the monopoles produced in the
subsequent GUT transition.| Although monopole production is intrinsically small
it inflationary models, the uncertainties in the number of monopoles produced are
exponential and of course, it is also possible that monopoles might be produced as
topological defects in & subsequent phase transition*™ {although it may be difficult
to arrange that they not be overproduced).

Finally, the inflationary scenario sheds no light upon the cosmological constant
puzzle. Although it can potentially successfully resolve all of the other puzzles in
my list, inflation is, in some sense, & house of cards built uapon the cosmological
constant puzzle.

5. SCALAR FIELD DYNAMICS

The evolution of the scalar field ¢ is key to understanding new inflation. In this
section I will focue on the semi-classical dynamics of ¢. Later, I will return to the
question of the validity of the semi-classical approach. Much of what I will discuss
here ie covered in more detail in ref. 47.

Stated in the most general terms, the current view of inflatien is that it involves
the dynamical evolution of a very weakly-coupled scalar field (hereafter referred
to as $} which is, for one reason or another, initially displaced from the mini-
mum of its potential (see Fig. 11). While it is displaced from ita minimum, and is
slowly-evolving toward that minimum, its potential energy density drives the rapid
{exponential) expansion of the Universe, now known as inflation.
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Figure 10: Evolution of the scale facter B and temperature T of the Universe in the
standard cosmology and in the inflationary cosmology. The standard cosmology is
always adiabatic (RT = const), while the inflationary cosmology undergoes a highly
non-adisbatic event (reheating) after which it is adiabatic.
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Figure 11; Siated in the most geners! terms, inflation invelves the dynamicel evolu-
tion of a scalar field which was initially displaced from the minimum of its potential,
be that minimum at ¢ =0 or e ¥ 0.

The usual assumplions which are made (often itmplicitly) in order to analyze
the scalar field dynamics inflation are:
* A FRW spacetime with scale factor R(!} and expansion rate

HY= (R/R)? = 8np/3m?, ~ k/R? 26
p !

where the energy density is assumed to be dominated by the stress energy

associated with the scalar field (in any case, other forms of stress energy rapidly

redshift away during inflation and become irrelevant}.

The scalar field ¢ is spatially constant {at least on a scale 2 H ~!) with initial

value ¢, # o, where V(o) = V'(e) = 0.

* The semi-classicel equation of motion for ¢ provides an accurate description of
its evolution; more precisely,

*

B(t) = ¢alt) + Adgar

where the quantum fluctuations (characterized by size Adgar = H/2a) are

assumed to be a small perturbation to the classical trajectory ¢(t). From

this point forward | will drop the subscript ‘el’. I will return later to these

assumptions to discuss how they have been or can be relaxed and/or justified.

Consider a classical scalar ficld (minimally coupled) with lagrangian density
given by

£= ~30,0%  V(g) (27)
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For now I wil} ignore the interactions that ¢ must necessarily have with other fields
in the theory. As it will turn out they must be weak for inflation to work, so that
this assumnption is a reasonable cne. The stress-energy tensor for this field is then

Tpu = _'ap‘ﬁav‘t - Egplr (28)

Assuming that in the region of interest ¢ is spatially-constant, T, takes on the
perfect fiuid form with energy density and pressure given by

b= 54 V()[4 (T4 ), (290)

L

p= Bt - V{8)(--(V4)?/8R7), (205)

-

where | have included the spatial gradient terms for future reference. |Note, once
inflation begins the spatial gradient terms decrease rapidly, (V¢)?/R? o« B2, for
wavelengths 2 H !, and quickly becorne negligible] That the spatial gradient term
in ¢ be unimportant is crucial to inflation; if it were to dominate the pressure and
energy denaity, then R(t) would grow as ( {since p = — 1p} and not exponentially.

The equations of motion for ¢ can be obtained ejther by varying the action or
by using T4* -~ 0. In either case the resulting equation is:

$ v AHS(ITE) 1 VI($) - D {3}

I have explicitly included the T'¢ term which arises due to particle creation. The
}Hd; friction terin arises due to the expansion of the Universe; as the scalar field
gains momentim, that momentuio is redshifted away by the expansion.

This equation, which is analogous to that for a ball rolling with friction down
a hill with a valley at the bottom, has two qualitatively different regimes, each of
which has a simple, approximate, analytic solution. Fig. 12 shows schematically the
potential V (&).
{1) The slow-rolling regime

In this regime the field rolls at terminal velocity and the ¢ term is negligi-
ble. This occurs in the interval where the potential is very flat, the conditions far
suflicient flatness being?!:

V" < 9H?, (31a)
IV g /V] < (487) /2, (31b)

Condition {31a} usuaily subsumes condition (315}, so that condition {31a) gencrally
suffices. During the slow-rolling regime the equation of motion for ¢ reduees to

é~ -V'/3H. {32)

During the slow-rolling regime particle creation is exponentially suppressed*® be-
cause the tirnescale for the evolution of ¢ (which sets the energy /tnomentum scale of
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Figure 12: Schematic plot of the potential required for inflation. The shape of the
potential for ¢ < o determines how the barrier between ¢ = 0 and ¢ = o (if one
exists) is penetrated. The value of ¢ after barrier penetrntion is taken to be ¢y; the
flat region of the potential is the interval i¢,, #.].

the particles created] is much greater than the Hubble time {which sets the physics
horizon], i.e., any particles radiated would have to have wavelengths much larger
than the physics horizon, which results in the exponentiel suppression of particle
creation during this epoch. Thus, the T¢ term can be neglected during the ‘slow
roll”.

Suppose the interval where conditions (31a,b} are satisfied is |$,, ¢.], then the
number of e-folds of expansion which during the time ¢ is evolving from ¢ = ¢, to

d=¢. (= N)is
4.
N= /Hdt = —aj;' Hg/V'(¢) ~ f(Bn/m:‘)/V(¢)d¢/’l"(q§). (33)

[Note that R, /R, = exp(N) since R/R = H.] Taking H2/V’ to be roughly constant
over this interval and approximating V' aa =~ ¢V’ (which is approximately true for
polynominal potentials) it follows that

N = 3H?*/V" >3,

If there is & region of the potential where the evolution is friction-dominated, then
N will necessarily be greater than 1 (by conditien (31a)).
{2) Coherent field oscillations
In this regime
V"] > oNH?,
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and ¢ evolves rapidly, on a timescale < the Hubble time H '. Once ¢ reaches
the bottom of its potential, it will oscillate with an angular frequency equal to
my = V()72 In this regime it proves useful to rewrite Eqn.(30) for the evolution
of ¢ as

s = ~3HG - T¢ (34)

where

1/24% + V().

Once ¢ is oscillating about ¢ = o, ¢? can be replaced by ils average over a cycle

il

Py

< ¢2 Zeyele™ Pgy

and Eqn.(34) becomes
fy == —3Hpy - Ty (35}

which is nothing e¢lse but the equation for the evolution of the cnergy density of
zero monenturn, massive particles with a decay width I.

Referring back to Eqn{29) we can see that the cycle average of the pressure (ic.,
space-apace components of Ty, ) is zero-—as one would expect for NR particles. The
coherent ¢ oscillations are in every way equivalent to a very cold condensate of
¢ particles. The decay of these oscillations due to quantum particle creation is
equivalent to the decay of zefo-momentum ¢ particles.

The complete set of semi-classical equations for the reheating of the Universe is

[.J¢ = —3Hp¢ - rp¢., (nﬁﬂ}
pe = —4Hp, 4 Tpy, (366}
H? = BxGlpr + pg}/3, (36¢)

where p, = (r?/30)¢.T* i5 the energy density in the relativistic particles produced
by the decay of the coherent field oscillations. |I have tacitly assumed that the
decay products of ¢ rapidly thermalize; Eqn{38b) is correct whether or not the
decay products thermalize, so long as they are relativistic.| The evolution for the
energy density in the scalar is easy to obtain

po = M (R/R,) Pexp[-T(t - t.)], (37)

where | have set the initial energy equal to M4, the initial epoch being when the
scalar field begins to evolve rapidly (at R = R,, ¢ = ¢,, and & = {.).

From ¢ = ¢, until ¢ ~ T~ ! the energy density of the Universe is dominated by
the coherent sloshings of the scalar field ¢, set into motion by the initial vacuum
energy associated with ¢ « o, During this phase

R(t) o 1313
that is, the Universe behaves as if it were dominated by NR particles —which it is!
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Interestingly enough it follows from Eqn(36) that during this time the energy
density in radiation is actually decreasing (p, o« R~3/*—see Fig. 13). |During the
first Hubble time after the end of inflation p, does increase| However, the all
important entropy per comoving velume is increasing

5 oc R'9/3,

When t ~ I'"!, the coherent oscillations begin to decay exponentially, and the
entropy per comoving volume levels off—indicating the end of the reheating epach.
The temperature of the Universe at this time is,

Tru = g, " (Pmp) (38)

If T ! is less than H~!, so that the Universe reheats in less than an expansion time,
then all of the vacuum is converted into radiation and the’ Universe is reheated to
a temnperature

Tay =g, "M (f T > H) {38")
the so-called case of good reheating.

To summarize the evolution of the scalar field ¢: early on ¢ evolves very slowly,
on & timescale » the Hubble time H ~!; then as the potential steepens (and |V}
becomes > 9H?) ¢ begins o evolve rapidly, on a timescale < the Hubble time
H-1. As ¢ oscillates about the minimum of its potential the cnergy density in
these oscillations dominates the energy density of the Universe and behaves like
NR matter (py o« R~3); eventually when ¢ == T~!, these oscillations decay expo-

nentially, ‘reheating’ the Universe to a temperature of Tpy g:'"“([‘mp,]‘n’? (if
T > H, so that the Universe does not e-fold in the time it takes the oscillations
to decay, then Tay ~ g:l“M). Saying that the Universe reheats when ¢ =~ T
is & bit paradoxical as the temperature has actually been deereassng since shortly
after the ¢ oscillations began. However, the fact that the temperature of the Uni-
verse was actually once greater than Tgy for t < I'! is probably of no practical
use since the entropy per comoving volume increases until ¢ =~ T—! -by a factor of
(M? /T )51, and any interesting objects that might be produced {e.g., net baryon
number, monopoles, etc.) will be diluted away by the subsequent entropy produc-
tion. By any reasonable measure, Try is the reheat temperature of the Universe.
The evolution of pg, p,, and § are summarized in Fig. 13.

Armed with our detailed knowledge of the evolution of ¢ we are ready to cal-
culate the precise number of e-folds of inflation necessary to solve the horizon and
flatness problems and to discuss direct baryon number production. Firat consider
the requisite number of e-folds required for sufficient inflation. To solve the homo-
geneity problem we need to insure that a smooth patch containing an entropy of
at least 1099 results from inflation. Suppose the initial bubble or fluctuation region
has a size H ! = my,/M? --certainly it is not likely to be significantly larger than
this. During inflation it grows by a factor of exp(N). Next, while the Universe is
dominated by coherent feld oscillations it growa by a factor of

(Rru/R.) = (M*/Thg)'"3,
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Figure 13: The evolution of ps, pr, and § during the epoch when the Uni-
verse is doniinated by coherent ¢-oscillations. The reheat temperature Ty ~

g_—lf"‘“‘mpl)'f”_ The maximum temperature achicved after inflation is actuslly
greater, Tmay =~ (Thp MY/,

where Ty is the reheat temperature. Cubing the size of the patch at reheating {to
obtain its volume) and multiplying its volume by the entropy density (s = T}y,
we obtain

Sratc-'\ = ¢3ngljf[M2Tﬁ"}'

Insisting that Sparcs be greater than 10%* it follows that
2 1
N >53+ gln(Jlf,flO“GeV) + Sln(Tm;/lUwGeV}. {30

Varying M from 10'%GeV to 10°GeV and Tpy from 1GeV to 10!°GeV this lower
bound on N enly varies from 36 to 68.
The Aatness problem invelves the smallness of the ratio

z = (k/RY)/(87Gp/3)
regquired at early timmes. Taking the pre-inflationary value of z to be z, and remem-
bering that
R-? p=cons't
e { R px B3
R px R
29

it follows thai the value of 1 today is
Zioday = Tie N (M Tn}"/>(Tri [10eV )*(10eV [3K).

Insisting that Zroday be at most of order unity implies that
2 1
N > 53+ In(x,) + EIn(M/IO"GeV) t §In(Tm;/1(1‘"GcV}

—up to the term {n(x,}, precisely the same bound as we obtained to solve the homo-
geneity problem. Solving the isotropy problem depends upon the initial anisotropy
present; during inflation isotropy decreases exponentially (see refs. 48).

Finally, let's calculate the baryon asymmetry that can be directly produced by
the decay of the ¢ particles themselves. Suppose that the decay of each ¢ particle
results in the production of net baryon number ¢. This net baryon number might be
ptoduced directly by the decay of a ¢ particle (into quarks and leptons) or indirectly
through an intermediate state [¢ -+ XX; X, X — quarks and leptons; e.g., X
might be a superheavy, color triplet Higgs*®). The baryon ssymmetry produced
per volume is then

np ™~ eng.

Cn the other hand we have
(9477 /30) T ~ namy.
Taken together it follows that43:50
np/s 2 (3/4)eTry fmy. (40}

This then is the baryon number per entropy produced by the decay of the ¢ particles
directly. If the reheat temperature is not very high, baryon number non-conserving
interactions will not subsequently reduce the asymmetry significantly. Note that the
baryon asymmetry produced only depends upon the ratio of the relieat temperature
to the ¢ particle mass. This is important, as it means that a very low reheat
temperature can be tolerated, so long as the ratio of it to the ¢ particle mass is not
too small.

6. ORIGIN OF DENSITY INHOMOGENEITIES

To this point 1 have assuined that ¢ is precisely uniform within a given bubble
or fluctuation region. As = result, esch bubble or Huctuation region resembles a
perfectly isotropic and homogeneous Universe after reheating. However, because of
deSitter space produced quantum fluctuations, ¢ cannot be exactly uniform, even
within a small region of space. It is a well-known result that a massless and non-
interacting scalar field in deSitter apace has a spectrum of fluctuations given by
(see, e.g., ref. 51)

(Ad)? = (2m) *k7|5l® = H/167°, (41)
where
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§¢ = (Zﬂ]':‘/d“kégbk--k:, (42)

and £ and k are comoving quantities, This result is applicable to inflationary
scenarios as the scalar field responsible for inflation must be very weakly-coupled
and nearly masstess. [That Universe is not precisely deSitter during inflation, ie.,
ptp = ni,z # 0, doea not affect this reault significantly; this point is addressed in
tef. 52.| These deSitter space produced quantum fluctuations zesult in a caleulalle
spectruin of adiabatic density perturbations. These density perturbations were
first calculated by the authors of refs. 53-56; they have alse been calculated by the
authors of refs. 57 who addressed some of the technical issues in more detail, All
the calculations done to date arrive at the same result. I will briefly describe the
calculation in ref. 56; my emphasis here will be to motivate the result. I refer the
reader interested in more details to the aforementioned references.
It is conventional to expand density inhomogeneities in a Fourier expansion

bojp = (zn)'“fake kr 3k (43)

The physical wavelength and wavenumber are related to comoving wavelength and
wave number, A and k, by

Apn - (2m/k)R(8) = AR(1),
kon = k/R(t).

The yuantity most people refer to as §p/p on a given scale is more precisely the
RMS mass fuctuation on that scale

Bp/plx = < (BMIM)? > = A = (2n) 72767, (44)

which is just related to the Fourier component 8 on that scale.

The cosmic scale factor is often normalized so that Riogay = 1; this means
that given Fourier components are characterized by the physical size that they have
today (neglecting the fact that once a given scale goes non-linear (6p/p 2 1) objects
of that size formn bound ‘lumps’ that no longer participate in the universal expansion
and remain roughly constant in size), The mass (in NR matter) contained within
a sphere of radius X/2 is

M(A} = 1.5 x 10" Mg(A/Mpc)*Nh?.

Although physiecs depends on physical quantities (kpn, Apn, etc.), the comoving
labels k, M, and X are the most useful way to label a given component as they
have the affect of the expansions already scaled out,

I want to emphasize at the onset that the quantity ép/p is not gauge invariant
{under general coordinate transformations). This fact makes life very difficult when
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Figure 14: The evolution of the physical size of galactic- and (present) horizon-
sized perturbations (A,n o R} and the size of the physics horizon H=!. Causally-
coherent microphysics operates only on scales < H~'. In the standard cosmology
& perturbation crosses the horizon but once as H~' o« R"(n > 1), making it
impossible for microphysics to create density perturbations at early times. In the
inflationary cosmology a perturbation crosses the horizon twice {since ! ~ const
duting inflation}, and so microphysics can produce density perturbations at early
times.

discussing Fourier components with wavelengths larger than the physics horizon
(i.e., Apn > H™'). The gauge non-invariance of §p/p is not » problem when Apn <
H~!', as the analysis is essentially Newtonian. The usual approach is to pick a
convenient gauge [e.g., the synchronous gauge where gop = —1, goi = 0) and work
very carefully {see refs. 58, 59). The more elegant approach is to focus on gAuUge-
invariant quantities; see ref. 60. 1 will gloss over the subtleties of gauge invariance
in my discussion, which is aimed at motivating the correct answer.

The evolution of a given Fourier component (in the linear regime—~&8p/p < 1)
scparates into two qualitatively different regimes, depending upon whether or
not the perturbation is inside or outside the physies horizon (= H-'}Y. When
Apn € H™', microphysical processes can affect its evolution—such processes in-
clude: guantum mechanical eflects, pressure support, free-streaming of particles,
‘Newtonian gravity’, etc. In this regime the evolution of the perturbation is very
dynamical. When a perturbation is outside the physics horizon, Aph 2 H~1, mi-
crophysical processes do not affect its evolution; in a vety real sense its evolution is
kinematic—it evolves as & wrinkle in the fabric of space—time.
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In the standard cosmology, 8 given Fourier component crosses the horizon only
once, starting outside the horizon and crossing inside at a time {see Fig. 14)

t~= (MM} Paec

{valid during the radiation-dominated epoch). For this reason it is not possible to
create adiabatic (more precisely, cutvature) perturbations by causal mierophysical
processes which operate at early times®#%9, In the standard cosmology, if adiabatic
perturbations are present, they must be present ab tnitio. The smallness of the
patticle horizon at eatly times relative to the comoving volume occupied by the
observable Univerae today atrikes again!

[It is possible for microphysical processes to create isothermal, more precisely
imocurvature, perturbations. Once such perturbations cross inside the horizon they
are characterized by a spectrum

(8p/p} o (M/My) 7

or steeper. Here My is the horizon mass when the perturhations were created. Thus
the earlier the processes operate, the smaller the perturbalions are on interesting
scales. By an appropriate choice of gauge it is possible to view these isotherrnal per-
turbations as adiabatic perturbations with a very steep spretrum, ép/p « M -~y
however, as must be the case, they croas the horizon with the amplitude mentioned
above. For more details, see refs. 59, 60.]

Because Lhe distance to the physica horizon remains approximately constant
during inflation, the situation is very different in the inflationary Universe. All inter-

do the horizon crosa gutsida the harizon and anee acain come
1P L0 NOTIZON, Cress oulsias the Dorzen anag once again cotun

cating scales start i

inside the horizon (at the usual epoch}; see Fig. 14. This means that ceusal micro-
physical processes can set up curvature perturbations on astrophysically-interesting
scales. |This point seems to have been first appreciated by Press.®!|

Consider the evolution of a given Foueiet component k. Early during the in-
Aationary epoch Apn < H °', and guantum fuctuations in ¢ give rise to density
perturbations on this scale. As the seale passes outside the horizen, say at ¢ -ty
microphysical processes hecome itpotent, and ép/p freczes out at a value,

(6ajo)e = OleHASIM*Y,

4 (45)
= O(¢H MY,

as the scale leaves the horizon. From that point forward, the QM Auctuation is
assumed to ‘freeze in’ and thereafter evolve classically. Note in the npproximation
that ¥ and & are constant during the inflationary epoch the value of bp/p ns the
perturbation leaves the horizen is indepeadent of k. This scale independence of
ép/p when perturbations cross outside the horizon is of course traceable to the time
translation invarinnce of deSitter space.

While outside the horizon the evolution of a perlurbation is kincroatical, tn-
dependent of scale, and gauge dependent, There is a gauge independent quantity
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(= ¢) which remains constant while the perturbation is outside the horizon, and
which at horizon crossing {t = ¢, and {y) is given by

§|horilon crossing = 6.0/(,0 + p),

ot} = ¢(tu)
= [80/(p + P)lemtu = [62/{p + Plle=t,. (16)
{see refs. 56 and 82 for more details). When the perturbation crosses back inside the
horizon: (#-+ p) = np(n = 4/3— radiation-dominated; n = 1, matter-dominated) so
that up to a numerical factor (6p/2)|¢,, =~ |6p/(p + p)i|i,,. During inflation, however,
p+p=¢ € p = M* sothat (§p/o)fe, = (#*/M*)[6p/ (0 + pllls,. Note, M*/4% is
typically a very large number. Eqns(45, 46) then imply

(8p/o}e = (8p)0)icey ~ (M*[$2)(bp/0), ~ H? /4, {47

Note that in the approximation that ¢ and H are are constant during inflation the
amplitude of §g/p at horizon crossing (= (6p/p) ) is independent of scale. This
fact is traceable to the time-translation invariance of the nearly-deSitter inflation-
ary epoch and the scale-independent evolution of (6p/p) while the perturbation is
outside the horizon. The so-called scale-invariant or Zcl'dovich apectrum of den-
sity perturbations was first discussed, albeit in another context, by Harrison%* and
Zel’dovich®. Scale-invariant adiabatic density perturbations are & generic predic-
tion of inflation. |Because H and # are not precisely constant during inflation, the
spectrum is not quite acale-invariant. However the scales of astrophysical interest,
say A ~ 0.1Mpc — §00Mpe, cross outside the horizon during a very short interval,
AN =~ 6.9, during which H, @, and ¢ are very nearly constant. For most models
of inflation the deviations are not expected to be significant; for further discussion
see refs. 65, 66.] Although the details of structure formation are not presently
sufficiently well understood to say what the initial spectrum of perturbations must
have been, the Zel'dovich with an amplitude of about 104 -- 10 % is certainly a
viable possibility.

Before moving on, let me be very precise about the amplitude of the inflation-
produced adiabatic density perturbations. Perturhations which re-enter the horizen
while the Universe is still radiation-dominated (A < A.q =~ 132~ TMpe), doso as a
sound wave in the photens and baryons with amplitude

(8o/o)n = K26/ (20)%07 = HY/(x/2d) (48a)

Perturbations in non-interacting, relic particles [such as messive neutrinos, axions,
etc.), which by the equivalence principle must have the same amplitude at horizon
crossing, do not oscillate, but insiead grow slowly (o« In R}. By the epoch of
matter-radiation equivalence they have an amplitude of 2-3 times that of the initial
bLaryon photon sound wave, or

(6p/p)arp ~ (2 3)bp/p)n = (2 - 3)H7/(1r3"2q§|] (48b)
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It is this amplitude which must be of order 1075 1077 for successful galaxy
formation.

Perturbations which re-enter the horizon when the Universe is already matter-
dominated (seales X > Ay v 138 "2 Mpc) do so with amplitude

(8p/p)u = K/2|8|(2m)¥F = (H?/10)/(n>1§) (49)

Once inside the horizon they continue to grow (as t¥3 since the Universe is mattet-
dotninated).

When the structure formation problem is viewed as an injtial data problem, it
is the spectrum of density perturbations at the epoch of matter dommination which
is the relevant input spectrum. The shape of this speetrum has been carefully
computed by the authors of ref. 67. Roughly speaking, on scales less than A, the
speckrum is almost flat, varying as A2 o M~/ for scales around the galaxy
scale (-~ IMpe). On scales much greater than A, (o/p) o A% oo M %3 (in
the synchronous gauge where adiabatic perturbations grow as t";n = 2/3 matter
dominated, n := 1 radiation dominated. Since these scales have yet to re-enter the
horizon they Liave not yet achieved their horizon-crossing amplitude).

In order to compute the amplitude of the inflation-produced adiabatic density
perturbations we need to evaluate H?/¢ when the astrophysically-relevant scales
croased outside the horizon. Recall, in the previous scetion we computed when
the comoving scale corresponding to the present Hubble radius crossed outside the
horizon during inflation—up to ‘In terms’ ¥ =+ 53 or so e-folds before the end of
inflation, ¢f., Eqn.(39). The present Hubble radius corresponds to a scale of about
3000M pe; therefore the scale A must have crossed the horizon In(3000Mpc/A) e-
folds later:

Ny = Nyor ~ 8+ In{h/Mpc) = 45 + In{A/Mpc)
2
+ 5rn(M/m“G'eV) + ;JH(TRH/IOIOGEV).

Typically H?/4 depends upen N to some power®s; since IV, only varics logarith-
mically (AN/N ~ 0.14 in going from 0.1 Mpe to 3000Mpe), the scale dependence
of the spectrum is almost always very minimal.

As mentioned earlier, a generic prediction of the inflationary Universe is that
today 0} should be equal to one to a high degree of precision. Equivalently, that
means

l(k/ B?)/(8xCip/3)| < 1
since
0 = 1/t - (k/R?)(87Gp/3)).
Therefore one might conclude that an accurate measurement of {3 would have to
yield 1 to extremely high precision. However, because of the adiabatic density
perturbations produced during inflation that is not the case. Adiabatic density
fluctuations correspond to fluctuations in the local curvature

Spp = 6(k/R?)](8nGp/3)
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This means that should we be able to very accurately probe the value of 1 (equiv-
alently the curvature of space) on the scale of our Hubble volume, say by using the
Hubble diagram, we would necessarily obtain a value for {1 which is dominated by
the curvature fluctuations on the scale of the present horizon,

Nase = 1+ 6(k/RY)/(87Gp/3) = 1+ O(10° 1 - 10 ®),

and so we wonld obtain a value different from 1 by abeut a part in 10* or 10°,

Finally, let me briefly mention that isothermal density perturbations can also
arise during inflation. [fsothermal density perturbations are characterized by 8p -
0, but §(n,/n,) # 0 in some components. They correspond to spatial fluctuations
in the local pressure due to spatial fluctuations in the local equation of state.| Such
perturbations can arise from the deSitter produced fluctuations in other quantum
fields in the theory.

The sitnplest example occurs in the axion-dominated Universe®®69.70,
pose that Peccei-Quinn symmetry breaking occurs before or during inflation. Until
instanton effects become important (T == few 100AMel) the axion ficld @ ~ fo0
is massless and # is in general not aligned with the minimum of its potential:
# = 0, # 0 (I have taken the minimum of the axion potential to be 8 = 0). Onee the
axion develops a mass {equivalently, its potential develops a minimum) @ begins to
oscillate; these coherent vscillations correspond to a condensate of very cold axions,
with number density o 82. {For further discussion of the coherent axion oscillations
see refs. 71-73.] During inflation deSitler space produced quantum fluctuations in
the axion field gave rise to spatial fluctuations in #;:

Sup-

68 ~ balfo = H/fa

Once the axion field begins to oscillate, these spatial fluctuations in the axion ficld
correspond to fluctuations in the local axion to photon ratio

b(nafny)/(nafny) = 26008, = 2H/(fa8))
Mare precisely

(6na/na) = K*/2(6alk)|/(2m)¥? = Hf(2n* 1 118)), {50)

where [ is the expectation value of [, when the scale A jeaves the horizon (in some

modela the expectation value of the ficld which breaks I'Q symuinetry evolves as the
Universe is inflating so that fy can be < f;). It is possible that these isothermal
axion fluctuations can be important for galaxy formation in an axion-dominated,
inflationary Universe.®?

7. SPECIFIC MODELS PART I. INTERESTING FAILURES

(1) *Old Inflation’
By old inflation I mean Guth’s originel model of inflation. In his original model
the Universe inflated while trapped in the ¢ = 0 false vacuumn state. In order
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to inflate enough the vacuum had to be very melastable; however, that being the
case, the bubble nucleation probability was necessarily small— so small that the
bubbles that did nucleate never percolated, resulting in a Universe which resembled
swiss cheese more than anything else’®. The interior of an individual bubble was
not suitable for our present Universe cither. Because he wes not considering flat
potentials, essentially all of the original false vacunm energy resided in bubble walls
rather than in vacuum energy inside the hubbles themselves. Although individual
bubbles would grow to a very large size given enough time, their interiors would
contain very little entropy (compared to the 10%% in our observed Universe). In
sum, the Universe inflated all right, but did not ‘gracefully exit’ from inllation back
to a radiation-dominated Universe---close, Alan, but no cigar!

{2) Coleman Weinherg SU(5)

The first model of new inflation studied was the Coleman. Weinberg SU(5)
GUT?3% In this model the field which inflates is the 24-dimensional Higgs which
also breaks SU(5) down to SU(3) x SU(2) x U(1). Let ¢ denote its magnitude in
the SU(3) x SU(2) x U(1) dircction. The one-loop, zero-temperature Coleman—
Weinberg™ potential is

V{¢) = 1/2Bo* + Bé*{in(¢*/a®) - 1/2),
B - 2ol /16~ 1077 (51)
o~ 2% 10" eV

Due to the absence of a mass term (m?3$?), the potential is very flat near the origin
{SSB arises due to one-loop radiative corrections™); for ¢ < o:

Vi) ~ Bo'/2- Ag'/4

h o= jdBin{e? o) ~ 0.1 (52)

The finite temperatiure potential has a small temperature dependent barrier [height
Q(T*)| near the origin |¢ = O{T)]. The critical tetnperature for this transition
is Q10" - 10'°GeV), however the ¢ := 0 vacumn remains metastable, When
the temperature of the Universe drops to G(10°GeV) or sa, the barrier becomes
low encugh that the finite temmperature action for bubble uucleation drops to order
unity and the ¢ = 0 false vacunm becomes unstable®®. In analogy with aolid state
phenomenon it is expected that at this the temperature of the Universe will undergo
‘spinodal decomposition’, 1.e., will break up into irregularly shaped regions within
which ¢ is approximately constant (so-called fluctuation regions). Approximately
the potential by Eqn(52). It is easy to solve for the evolution of ¢ in the slow-rolling
tegime ||V < 9H? for $? < $7 ~ cr"\(rro”/’ni:,\ln{éz/cr:)”]

A
(H8) = S N9), (53)
2., 47 Bo*
H? = T (54)
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where N(¢) = f:’ Hdt is the number of e-folds of inflation the Universe undergoes
while ¢ evolves [rom ¢ to &.. Clearly, the number of e-folds of inflation depends
upon the initial value of ¢{= ¢p); in order to get sufficient inflation ¢¢ must be
2= O(H). Although one might expect ¢ to be of this order in the Ructuation
regions since H =~ 5 x 10%GeV ~ (temperature at which the ¢ = 0 false vacuum
loses its metastability), there is a fundamental difficulty. In using the semi-classical
equations of motion to describe the evolution of ¢ one is implicitly assuming

@ = ol + Adour,
Adgum € dei

The deSitter space produced quantum fluctuations in ¢ are of order H. More
specifically, it has been shown that?5:7%

Adgnr ~ [H/j2n)(Ht)'/?

Therein lies the difficulty—in order to achieve encugh inflation the initial value of
¢ must be of the order of the quantum fluctuations in ¢. At the very least this calls
into question the semiclassical approximation.

The situation gets worse when we look at the amplitude of the adiabatic density
perturbations:

(6p/p) g = (7?4 (55)
= (3 2)(H3/247) (56)
(6p/0) 5 = (2/m)*(A/3) /2N (57)

For galactic-scale perturbations ¥ =~ 50, implying that (§p/p)g =~ 300 Again, its
clear that the basic problem is traceable to the fact that during inflation ¢ < H.

The decay width of the ¢ particle is of order agyre = 10'3GeV which is
much greater than H (implying good reheating), and so the Universe reheats to n
temperature of order 10 GeV or so.

From Eqns(53,57)} it is clear that by reducing A both problems could be
remedied —however A < 10717 is necessary®®. Of course, as long as the inflat-
ing field is & gauge non-singlet X is ret by the gauge coupling strength. From this
interesting failure it is clear that one should focus on weakly-coupled, gauge singlet
fields for inflation.

(3) Geometric Hierarchy Model

The frst model proposed to addresa the difficulty mentioned above, was a su-
persymmetric GUT?77® In this model ¢ is a scalar field whose potential at tree
level is absolutely flat, but due to radiative corrections develops curvature. In the
model ¢ is also responsible for the SSB of the GUT. The potential for ¢ is of the
form

V(¢) ~ u'ley — ealnfd/mpu)| (58)
38



where g =~ 10'7GeV is the scale of supersymmetry breaking, and ¢; and ¢g are
constants which depend upon details of the theory. This form for the potential is
only validd away from its $8B minimum (o ~ mpr) and for ¢ » . The authors
presume that higher order effects will foree the potential to develop a minimum
for ¢ =z . Since V' oc ¢ 7! the potential gets fatter for large ¢-—which alrcady
sounds good.

The inflationary scenario for this potential proceeds as follows. The shape of
the potential is not determined near ¢ = 0; depending on the shape ¢ gets to some
initial value, say ¢ = ¢g, cither by bubble nucleation or spinoda! decomposition.
Then it begins to roll. During slow roll which beging when [V7| ~ 0H? and ¢, =
(ezf2dme )Y 2my,

H? ~ 5%|cm‘ {59a)

(1 - $%/md)) = (ea/dre )N {g) (s9b)
(Bp/o)y = (H?/x*24), {60a)

~ 8(8/3)Y/3(e]? fea)uPd/mi. (608)

Note that during the slow rall (¢ > ¢,)

6., ¢, ! 1 my
H ™ H ¢ Br ud’
=100 3 1,

thereby avoiding the dilficulty encountered in the Coletnan Weinberg where ¢ < H
was required to inflate. For ¢y = (1), ¢ = 10~ ¥--ncceptable values in the model,
{6p/p)sr ~ 1075 and N{¢,) ~ 4xe [z ~ 10°. The number of e-folds of inflation is
very large  10%. This is quite typical of the very flat potentials required to achieve
{6p/p) ~ 101 — 1075,

Now for the bad news. In this model ¢ is very wenkly coupled it only couples
to ordinary particles through gravitational strength interactions. Hs decay width is

I~ O(p‘i/m:‘), (61)

which is much less than & {implying poor reheating) and leads to a reheat temper-
ature of

Tar = Of{Tmyi) /%), (62a)
= O /ml), {820
~ 10MeV. {62¢c)

Such areheat temperature safely returns the Universe to being radiation-dominated
before primordial nucleoaynthesis, and produces & smooth patch containing an enor-
mons entropy—for ¢z = 1078, ¢ =~ 1, Spaten = {mg,/glzTRH)caN ~ lﬂssczp[Zi x
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16°), but does not reheat it to a high enough temperature for baryogenesis. Poor
reheating is a problem which plagues almost all potentially viahle models of infla-
tion. Achteving (6p/p)u < 10~ * requires the scelar potential o be very flat, which
necessarily means that ¢ is very weekly-coupled, and therefore Try{x I'/?) tends
to be very low.

(4) CERN SUSY/SUGR Modela?®

Early on memnbers of the CERN theory group recognized that supersymmetry
might be of use in protecting the very small couplings necessary in inflationary
potentials from being vverwhelmed by radiative cortections. They explored a va-
riety of SUSY/SUGR models™ (and dubbed their brand of inflation ‘primordial
inflation’). In the process, they encountered & difficulty which plagues almost all
supersymmetric models of inflation based upon minimal supergravity theoties.

It is usually assumed that at high temperatures the expectation value of an
inflating field is at the minimum of its finite temperature effective potential (near
¢ = 0); then as the Universe cools it becomes trapped there, and then eventually
slowly evolves to the low temperature minimum (during which time inflation takes
place). In SUSY models < ¢ > is not necessarily zero at high temperatures. In
fact in essentially all of their models < ¢ >7> 0 and the high temperature minimum
smoothly evolves into the low terperature minimum (as shown in Fig. 15).5? As a
resnlt the Universe in fact would never have inflated!

There are two obvious remedies to this problem: (i) arrange the model so that
{¢)r < 0 (as shown in Fig. 15), then ¢ necessarily gets trapped near ¢ = 0; or (i)
assume that ¢ is never in thermal eqnilibrium before the phase transition so that ¢
is not constrained to be in the high temperature minimum of its finite temperature
potential at high temperatures. Variants of the CERN models”® based on these two
remedies have been constructed by Ovrut and Steinhardt®' and Holman, Ramond,
and Ross?2.

8 LESSONS LEARNED-A PRESCRIPTION FOR SUCCESSFUL NEW INFLA-
TION

The unsuccessful models discussed above have proven Lo be very uscful in that
they have allowed us to ‘write a prescription’ for the kind of potential that will
successfully implement inflation®®. The following prescription incorporates these
lessons, together with other lessons which have been learned (sometimes painfully).
As we will see all but the last of the prescribed features, that the potential be part
of a sensible particle physics model, are relatively easy to arrange.

(1) The potential should have an interval which is sufficiently flat so that ¢ evolves
slowly (relative to the expansion timescale A~ ')-—that is, flat enough so that a
slow-rollover transition ensues. As we have seen, that means an interval

[¢n ¢r]

where
¥ < eH?,

|Vim V| < (481)”2.
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Figure 15: In SUSY/SUGR meodels < ¢ > is not necessarily equal to zero. If
<< @ >y 0, then there is the danger that < ¢ >4 smoothly evolves into the
zero temperature minimum of the potential, thereby eliminating the possibility of
inflation {upper figurc). A sure way of preventing this is to design the potential so
that < i >7< 0 (lower figure).

{2) The length of the interval where ¢ evolves slowly should be much greater than
H/2n, the acale of the quantum fluctuations, so that the semi-classical approxima-
tion makes sense. [Put another way the interval should be long enough so that
quantum fluctuations do not quickly drive ¢ across the interval.] Quantitatively,
this calls for

|be = @] = (HAVI{H27)
where At is the time required for @ to evolve from ¢ = ¢, to ¢ = ¢.. [More precisely,
the semi-classical change in ¢ in a Hubble time, A¢jyusbie = A"'m:,/BH", should
be much greater than the increase in < &2 38';,'-' H/2n, due to the addition of

another quantum mode; see ref. 56|
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(5) In order to solve the flatness and homogeneity problems the time required for
¢ to roll from ¢ = &, to ¢ = ¢, should be greater than about 60 Hubble times

'S .
N= Hdtzf IHYH/(-V') = 3H}/V' >80
4. .

The precise formuta for the minimum value of N is given in Eqn(39).

(4) The scalar field ¢ should be smooth in a sufficiently large patch (say size L) so
that the energy density and pressure associated with the [V¢}? term is negligible:

1/2(98)® ~ (¢a/L)? = V(o) ~ M*.

(Otherwise the {V¢)? term will dominate 2 and p, so that R(t) o« t—that is, inflation
does not occur.) Usually this condition is easy to satisfy, as all it requires is that

L3 $o/M? =~ (¢o/mp) H

since dq is usually < myp, {$o/mpu)H ! < H 1 that is, ¢ only need be smooth
on a patch comparable to the physics horizon H~'. |I will discuss & case where it is
not easy to satisfy—Linde's chaotic inflation.| Once inflation does begin, any initial
inhomogeneities in ¢ are rapidly smoothed by the exponential expansion.

{5a) In order to insure a viable scenario of galaxy formation (and microwave
snisotropies of mn acceptable magnitude) the amplitude of the adiabatic density
perturbations must be of order 1075 ~ 10~ *. {In & Universe dominated by weakly-
interacting relic particles such as neutrinos or axions, ($p/p)arp must be a few
%x1075.] This in turn results in the constraint

few x 10758 ~ (5p/pYpep = (2 - 3)(6,}/;})" o (2 - 3)(H’/7r3n¢’;](;“;u,v,

(H? /) catazy ~ 1074

In general, this iz by far the most difficult of the constraints (other than sensible
particle physics) to satisfy and leads to the necessity of extremely flat potentials.
I should add, if one has another means of producing the density perturbations
necessary for galaxy formation [e.g., cosmic strings or isothermal perturbations),
then it is sufficient to have

(H‘z/‘é)(:dln:u < 10”‘

{6b) Isothermal perturbations produced during inflation, e.g., as discussed for the
case of an axion-dominated Universe, alao lead to microwave anisotropies and pos-
sihly structure formation. The smoothness of the microwave background dictates
that

(6p/p) 150 S 104
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while if they are to be relevant for structure formation
(dp/p)iso = 10°% 1074

In the case of isothermal axion perturbations this is easy to arrange to have
(69/p) 150 < 1071 unless the scale of PQ symmetry is larger than about 10'8GeV,

(6a) Sufficiently high reheat temperature so that the Universe is radiation-
dominated at the time of primordial nucleosynthesis (¢ ~ 10-2 - 10%sec, T =~
10MeV -- 0.1MeV). Only in the case of poor reheating is Tay likely to be any-
where as low as 10MeV, in which case Try = (Pmpg)”] and the condition that
Tay be > 10MeV then implies

> 107 PGeV = (6.8 x 107 25ec) !

[6b) The more stringent condition on the reheat temperature is that it be suffi-
ciently high for baryongenesis. If baryongenesis proceeds in the usual way!?, the
out-of-equilibrium decay of a supermassive particle whose interactions violate B,
¢, P conservation, then Txry must be greater than about 1/10 the mass of the
particle whose cut-of-equilibrium decays are responsible for producing the baryon
asymmetry. Assuming that this particle couples to ordinary quarks and leptons, its
mass must be greater than 10°GeV or so to insure a sufficiently longlived proton,
implying that the reheat temperature must be greater than about 108GeV (at the
very least). On the other hand if the baryon asymmetry can be produced by the
decays of the ¢ particles themselves, then

ngfs ~ (0.75)(Tan fmy)e
and a very low reheat temperature may be tolerable
Try = 1079 'my
where as usual ¢ is the net baryon number produced per ¢-decay.

(7) If ¢ is not a gauge singlet field, as in the case of the original Coleman- Weinberg
8U(5) model, one must be careful that ‘4 rolis in the correct direction’. It was shown
that for the original Colemman- Weinberg SU(5) models ¢ might actually hegin to roll
toward the SU{4) x U(1) minimumof the potential even though the global minimum
of the potential was the SU(3) x SU(2) x U(1} minimum®®, This is because neat
¢ = 0 the SU[4) x U{l1} direction is usually the direction of steepest descent.
This is the so-called problemn of ‘competing phases’. As mentioned earlier, the
extreme flatness required to obhtain aufficiently small density perturbations probahly
precludes the possibility that ¢ is a gauge non-singlet, so the problem of competing
phases does not usually arise. [Although in SUSY/SUGR models ¢ is often complex
and one has to make sure that it rolls in the correct direction ]

(8) In addition to the scalar density perturbations discussed earlier, tensor or grav-
itationa] wave perturbations also arise (these correspond to tensor perturbations in
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the metric g,,)%*. The amplitude of these perturbations is easy to estimate. The
energy density in a given gravitational wave mode (characterized by wavelength A}
is

pow & myht A2 {63}

where h is the dimensionless amplitude of the wave. As each gravitational wave
mode ¢rosses outside the horizon during inflation deSitter space produced fluctua-
tions lead to

(Pew)amn-+ = HY, or b~ Himpy, (64)

While outside the horizon the dimensionless amplitude h remains constant (k be-
haves like 2 minimally coupled scalar field}, and so each mode enters the horizon
with a dimensionless amplitude

ko=~ Hlmy. (85)

Gravitational wave perturbations with wavelength of order the present horizon
lead to a quadrupole anisotropy in the microwave temperature of amplitude h. The
upper limit to the quadrupole anisotropy of the microwave background (6T/T 2=
10-4) leads to the constraint

Himp < 1074,
M <0107 GeV).

In turn this leads to a constraint on the reheat temperature (using g, ~ 103)

Tru < g7 Y4M < few x 1075Gel

{9) One has to be mindful of various particles which may be produced during the
reheating process. Of particular concern are stable or very long-lived, NR particles
{including other acalar fields which may be set into oscillation and thereafter behave
like NR matter). Since pwr/pr x R(t) and today pypr/pr =~ 3 x 104 or 80 one has
to be careful that pyg/pgr is sufficiently small at early times

{3 x 10* today

pnR/PR < § 108 T == 1GeV

10718 T = 100GV

which is not always easy— just ask any experimentalist about suppressing some
effect by 18 orders-of-magnitude!

Of particular concern in supersymmetric models are gravitinos which, if pro-
duced, can decay shortly after nucleosynthesis and photodissociate the light ele-
ments produced (particularly I and ?Li}*5. [In fact, the constraint that gravitinos
not be overproduced during the reheating process leads to the very restrictive bound:
Try < 10%°GeV or so.] In supersymmetric models where SUSY breaking is done
ala Polonyi®®, the Polonyi field can be met into csciliation®” and these oscillations
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Figure 16: Constraint {11) in ‘The Prescription for Successful Inflation”.

which behave like Nl matter can come to dominate the energy density of the Uni-
verse too early {leading to a Universe which if far too youthful when it cools to 3K)
or even worse decay into dread gravitinos! In sum, cne has to be mindful of the
weakly-interacting, longlived particles which may be produced during reheating as
they may eventually lead to an energy crisis.

{10) In SUSY/SUGR maodels where the scalar field responsible for inflation is in
thermal equilibrium before the inflationary transition, one has to make sure that
< @ >7 does not smoothly evolve into the zero temperature minimum of the po-
tential. A sure way of doing this is to arrange to have

{p)r <0
this is the so-called thertnal constraint®e.

(11} Last (in my probably incomplete list) but certainly not least, the scalar po-
tential necessary for successful inflation should be but & part of a ‘sensible, perhaps
even elegant, particle physics model' (see Fig. 16). We do not want cosmology to
be the tail that wags the dog!

These conditions are spelled out in more detail in ref. 65, In general they lead
to » potential which is ‘short and squat’ and has a dimensiorless coupling of order
10 '* somewhere. In order that radistive corrections not spoil the fatness, it is all
but mandatory that ¢ be a gauge singlet field which couples very weakly to other
fields in the theory.
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|Suppose that ¢ has a nice, flat potential which will successfully implement
inflation and has & ¢* term whose coefficient A ~ 0107 '%) (as is usually the case).
Now suppose that ¢ couples to another scalar field + or to a fermion field f through
terms like: A'w3¢? and Aff¢. One-loap corrections to the ¢! term in the scalar
potential arise due to the coupling of ¢ to ¢ of f: {An + A*in)¢*. In order that
they not apoil the flatness of V{¢) by these 1-loop corrections, the couplings A’ and
h must be small: A S in~1/20V/3 h < n~ 1214

To give an idea of the kind of potential which we are seeking consider

V =V - ad® — b + Ag*

The ¢onstrainta discussed above are satisfied for the following sets of parameters

A<4x1078
b=~ 4 x 1073 my
a < H?/40 =~ 10**3°m},

SET 1
g~3x IUTA‘“m,,;
M:'Vul’“ ~3 x lUU«SHmP;
~ 3y
V=a¢?-0Y)? (b0, a=2xe? Vo= de')
a/my=1/2, 2, 3, 10
SET 2 frpr = 1/

A=2%x10"*" 5% 1073 105 2x 1075 3x107¢
M~ Aie

9. TWO SIMPLE MODELS THAT WORK

To date a handful of models that satisfy the prescription for successful inflation
have been constructed?®!-8%28-91,96-97 Hera T will discuss two particularly simnple
and illustrative models. The first is an SU(5) GUT mode! proposed by Shafi and
Vilenkin®? and refined by Pi®%. |Note, there is nothing special about SU(5); it
could just as well be an E6 model.) 1 will discusa Pi’s version of the model. In her
model the inflating field ¢ is a complex gauge singlet field whose potential is of the
Coleman- Weinberg form™ .

V{e) = Blo'in(e?/a’) + (o - 6*)/2]/4 {66)

where ¢ = |¢| and B arises due to 1-loop radiative corrections from other scalar fields
in the theory and is set to be Q{107 1%) in order to successfully implement infiation.
(Note, in Eqn{68) I have only explicitly shown the part of the potential relevant for
inflation.) Since the l-loop corrections due to other fields in the model are of order
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(A2in)¢$1 (A is a typical quartic coupling, e.g., A¢?¥?) the dimensionless couplings
of ¢ to other fields in the theory must be of order 10 -7 or 0. In her model, ¢ is
the field responsible for Meccei-Quinn symmetry breaking; the vacuum expectation
value of |q§| breaks the PQ syminetry and the argument of & is the axion degree of
freedom. In addition, the vacuum expectation value of |§) induces SU(5) S5B as it
leads to a negative mass-squared term for the 24-dimensional Higgs in the theory
which Lreaks SU(5) down to SU(3} x SU(2} x U(1). In order to have the correct
SU(5) breaking scale, the vacuum expectation valuc of Itﬂ must be of order 10'8G eV .
In addition to the usual adiabatic density perturbations there are isothermal axion
fluctuations of a similar megnitude®®. The model reheats {(barely) to a high enough
tetnperature for baryogenesis. So far the model successfully implements inflation,
albeit at the cost of a very sma!l number (B = 10~ ') whose origin is not explained
and whose value is not stabilized (e.g., by supersymmetry).

The second model is & SUSY/SUGR model proposed by Holman, Ramond, and
Rows®? which is based on a very simple superpotential. They write the superpoten-
tial for the full theory as

W=I48+G (67)
where I, 5, (G pieces are the inflation, SUSY, and GUT sectors respectively, For
the I piece of the superpotential they choose the very simple form

1= (aYM)(p - MY, (6)

where M . m,,:/[&w)'f'z, A is an intermediate scale, and ¢ is the field responsible
for inflation. Their potential has one free paramecter: the mass scale A. This
superpotential leads to the following ecalar potential
Vi(¢) = exp(|#|*/MP)(|01/3¢ + & 1/M?|* - 3117
= Atezp(d /M) 65/ MS - 495 /MP 1 T4 /M4 — 40 /M2 - $2 /M2 4 1),

Expanding the exponential one obtains
Vi) = A%1 — 49 /M + 8.5 M1 — 8% /M5 4 ), (69a)
V)= AY(- 1267/ M2 + 2867 /MY — 4084/ M® + ) (696)

It is sufficient to keep just the first two terms in Vi(¢) to solve the equations of
motion

#/M = [12(N{g) + 1/3)|"" (70a)
Hjd = (12V3) (8 M) (¢/M) " = (12/V3)(A/M)PN?, (700)
By choosing A/M = 9 x 10" 5 density perturbations of an acceptable magnitude
reault (and about 2 x 109 e-folds of inflation!). Taking A/M = 9 x 10~ corresponds

to an intermediate scale in the theory of about A =« 2 x 10 GeV —a very suggestive
value.
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The ¢ field couples to other fields in the theory only by gravitational strength
interactions and

[":m':,/M:f:'AG/ME, (71)

where ml ~ BeA4/M3.
The resulting reheat temperature is

Trg = (Fmu)"Y? = (A/MYM > 10°GeV. (72)

The baryon asymmetry in this model is produced direetly by ¢-decays (¢
HiHgz; HyH; -+ ¢'a l's; Hy = color triplet Higgs

ﬂH,IS o~ (0.75E)TR”/TH¢
~ 107 (A /M)

Since 107 'A/M =~ 107%, a C, CP violation of about ¢ ~ 1075 is required to explain
the observed baryon asymmetry of the Universe {ny/s = 10 19),

Their model satisties all the constraints for successful inflation except the ther-
mal constraint. They argue that the thermal constraint is not relevant as the inter-
actions of the ¢ field are too weak to put it into thermal equilibrium at early times.
They therefore must take the initial value of ¢ [= $g) to be a free parameter and
assume that in some regions of the Universe ¢ is sufficiently far from the minimuom
so that inflation occurs (¢p < 10~2M). This model is somewhat ad hoc in that it
contains a special sector of the theory whose sole purpose is inflation. Once again
the mode! contains a small ditmensionless coupling (the coefficient of the $*-term
~ 3 x 107 "%} or equivalently, a smal] mass ratic

(A/MY = 1078

Since the model is supersymmetric that smal! number is stabilized against radiative
corrections. Although the small ratio is not explained in theit model, its value when
expressed as a ratio of mass scales suggests that it might be related to one of the
other small dimensionless numbers in particle physics (which also beg explanation)

(nlcur/mp‘] ~= lU-‘
(mw /mp) =10 17
g = m./300GeV = 107°

While neither of these models is particularly compelling and both have heen
somewhal contrived to successfully implement inflation, they are at the very least
‘proof of existence’ modela which demonstrate that it is possible to eonstruct a
simple model which satisfles all the know constraints. Fair enough!

10. TOWARD THE INFLATIONARY PARADIGM \

Guth's original model of inflation was based upon a strongly, first order phase
transition associated with SSB of the GUT. The first models of new infation were
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based upon Coleman- Weinberg potentials, which exhibit weakly-first order transi-
tions. It now appears that the key feature needed for inflation is & very flat potential
and that even potentials wlich lead to second order transitions (i.e., the ¢ - 0 state
is never metastable) will work just as well®?, Most of the models for inflation now
do not involve SSD, at least directly, they just invelve the evolution of a scalar field
which is initially displaced frem the minimum of its potential. [There is a downside
to this; in many models inflation is a sector of the theory all by itself.] Since the
fields involved are very weakly coupled, thermal corrections can no longer be relicd
wpon to set the initial value of ¢. Inflation has becotne much more than just a
scenario —it has become an early Universe paradigm!

On the horizon now are models which inflate, but are even more far removed
from the original idea of a strongly-firat order, GUT SSB phase transition; I'll
discuss three of them here. Inflation —that is the rapid growth of our three spatial
dimensions, appears to be n very generic phenomenon associated with early Universe
microphysics.

(1) Chaotic Inflation
Linde®? has proposed the iden that inflation might result from a scalar field
with a very simple potential, say

Vi) = Ag?
which due to ‘chaotic initial conditions' (which thus far have not been well-defined)

is displaced [rom the minimum of its potential --in this case ¢ = 0 (seec Fig. L7).
With the initial condition ¢ - ¢y this potential is very easy to analyza:

o
Nigo) = L Hat ~ r(dofmp)?,

(6p/0)u ~ (H*[d) ~ (32/3)' AV AN (g)>/2.

{13)

In order to chtain density perturbations of the proper amplitude {(§p/p ~ 10 *) A
must be very small
Arm1074

- as usual! In order to obtain sufficient inflation, the initial value of ¢ must he

N{gg) = a{do/mu)? > 60
= ¢y > ddmpr

Both of these two conditions are rather typical of potentials which successfully
implement inflation. However, when one talks about truly chaotic initial conditions
one wonders il a large enough patch exists where ¢ is approximately constant.
Remember the key constraint is that the gradient energy density be small compared

to the potential energy
(V)2 « Ad}
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Figure 17: A potential for ‘chaotic inflation’. In Linde’s chaotic inflation, due to
initial conditions, ¢ is displaced from the minimum of its potential (¢ = 0) and
inflation occurs as it evolves to ¢ = 0.

Labeling the typical dimension of the patch L, the above requirement translates to
L AV (mprfdo)my! = 2(ga/mp)H™!

which requires that L be rather large compared to the Hubble radivs, therefore
seeming to require rather special initial conditions. 5till the simplicity of Linde's
idea is very appealing.

[Note that the potential V == 1m?¢? (corresponding to a massive scalar field)
is also suitable for inflation. In this case

N{go) = 2r(do/mpr)?, {T4a)

(6p/p)n = B { = (x /312 (m mp) . (748)

Sufficient inflation requires: ¢¢ 2 3myr, and density perturbations of an acceptable
magnitude requires: (m/my) = 1071/{4N) = 4x 10~7. This potential has been an-

alyzed by L. Moss (private communication) and L. Jensen {private communication),
and more recently by the authors of refs. 93.)

(2) Induced Gravity Inflation
Consider the Ginzburg-Landau theory of induced gravity based upon the effec-
tive Lagrangian®

L= —ep™Rf2 - 8,00"¢)2 - M7 - v?)?/8, {75}

where ¢, A are dinensionless couplings, R is the Ricei scalar, and v =
¢ 1/3(8rG)~ /3. The equation of motion for ¢ is

F+3H+ e+ V' — 4V )1+ 6) =0 {784)
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Figure 18: In theories with additional spatial dimensions there must be an effective
potential associated with the size of the extra dimensions (shown here achemati-
cally). One might expect that very early on {2 € 10743 sec) the size of the extra
dimensions is displaced from its equilibrium value (= b.g), due to finite temperature
cortections, initial conditions, or whatever. It is speculated that inflation might oc-
cur as the size of the extra dimensions evolves Lo its equilibrium value, thereby
solving both the usual cosmological puzzles and the puzzle of why the extra dimen-
sions are so small compared to our three familiar spatial dimensions.

supplemented by
H2[1+ (24/¢)/H| = (367) ' [62/2 + V (9)] (76b)

Successful inflationary scenarios can be constructed for $o € v and for ¢o 2 v{¢a =
the initial value of ¢}, so long as ¢ < 10~ and A = O(10-17 — 10160598 The
emall dimensionless coupling constant required in the scalar potential is by now a
very familiar condition.
(3} The Compactification Transition

Ever incrensing numbers of physicists are pursuing the idea that unification
of the forces may require additional spatial dimensions {or as the optimist would
say, unification of the forces iz evidence for extra dimensions!), e.g., Kaluiza-Klein
theories, supergravily theories, and most recently, superstring theories. We know
experimentally that these extra dimensions must be very small (< 10-'7¢m) and
indeed in most theories the extra dimensions form & compact manifold of character-
istic size 10~ ¥em or so. M our space-time is truly mare than four ditnensional, then
we have yet another problem to add to our list of puzzling cosmological facts—the
extreme smallness of the extra spatial dimensions, some 62 =~ log(10¥em 10~ e}
or 5o orders of magnitude smaller than the more familiar three spatial dimensions.
The possible use of inflation to explain this largeness problem has not escaped the
atiention of researchers in this field.

In these theories there is a natural candidate for the ‘inflating field’ (which is
also automatically a gauge singlet)—the radius of the extra dimensions. If there
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are extra dimensions there must be some dynamics which determine their present,
equilibrium size (= b,q), and in principle one should be able to construct an effective
potential associated with the size of the extra dimensions

Vers = VIg},
¢ = In(d/beg)-

{see Fig. 18). [The substitution ¢ = In{b/b.;} results in the usual kinetic term
for ¢ when the higher dimensional Einstein equations are written down.] If the
extra dimensions are displaced from their equilibrium value—an idea which seems
not at all unreasonable since very early on {t < 10" %Isec) one might expect all
the dimensions to be on equal footing, then while they are evolving to their equi-
librium value (¢ = 0} the Universe will be endowed with a large potential energy
{and may very well inflate), thereby explaining the largeness of our three spatial
dimensions as well as the usual cosmological puzzles. Inflationary models invelving
the compactification transition have already been investigated and the results are
encouraging®’.

11. LOOSE ENDS

Inflation offers the possibility of making the present state of the Universe {on
scales as large as our Hubble radius) insensitive to the initial data for the Universe.
Since we have little hope of ever knowing what the initial data were this is a very
attractive proposition. It has by no means yet achieved that lofty goal. There are
a number of loose ends (and perhaps even a loose thread which may unravel the
entire tapestry). I will briefly mention a few of them here.

(1) ‘Who is ¢?’

Inflationary models exist in which the scalar field ¢: effects SSD of the GUTS9-9¢
effects 5SB of SUSY®!, induces Newton's constant (in a Landau-Ginzburg mode!
of induced gravity)®®¥8, is ~ In{rx/rxeq) (where rx is the radius of compactified
extra dimensiona) in theories with extra dimensions which become compactified®?,
is o (scalar curvature }'/2 in R? theories of gravity,®® is just some ‘random’ scalar
field®?, or is merely in the theory to effect inflation.”®®? Given the number of
different kinds of inflationary scenazios which exist, it seems as though infation is
generic to early Universe microphysics, occurring whenever a weakly-coupled scalar
field finds itself displaced from the minimum of its potential. Clearly, & key question
at this point ia just how ‘the inflation sector’ of the theory fits into the Big Picture!

(2) What Determines the Initial Value of 7

One thing is certain, and that is that ¢ must be very weakly-coupled, as quan-
tified by its small dimenaionlesa coupling constant. Because of this fact, it is alinost
certain that ¢ was not initislly in thermal contact with the rest of the Universe and
so the initial value of ¢(= ¢o) is unlikely to be determined by thermal considerations
(in the earliest models of new inflation, ¢9 was determined by thermal considera-
tions, however these models resulted in density perturbations of an unacceptably
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large amplitude). At present ¢o must be taken as initial data. Some have argued
that ¢o might be determined in an anthropic-like way, as regions of the Universe
where ¢ is sufficiently far displaced from equilibrium will undergo inflation and
eventually occupy most of the physical volume of the Universe. Perhaps the wave-
function of the Universe approach will shed sorne light on the initial disttibution of
the scalar field ¢. Or it could be that due to ‘as-of-yet unknown dynamics’ ¢ was
indeed in thermal equilibrium at a very early epoch. It goes without saying that it
is crucial that ¢ be initially displaced {rom its minimum.

(3) Validity of the Semi-Classical Equations of Motion for ¢

While it may secm perfectly plausible that ¢ evolves according to its semi-
classical equationa of motion, the validity of this asaumption has troubled inflation-
ists from the 'dawn of new inflation’. While a full quantum field theory treatment
of inflation is very difficult aind has not been effected, a nutuber of specific issues
have been addressed. Several suthors have studied the role of inhomeogeneities in
¢, and have found that for the very weakly-coupled fields one is dealing with, mode
coupling is not important and the individual modes are quickly smoothed by the
exponential expansion of their physical wavelengths.®? I already mentioned the ne-
cessity of having ¢ smooth over a sufficiently large region so that the gradient terms
in the atress energy do not dominate.

The effect of quantum fuctuations on the evolution of ¢ has been studied in some
detail by Guth and Pi?!, Fischler et al.?%, Linde?®, Vilenkin and Ford”®, Semenoff
and Weiss'?' and Evans and McCarthy"®?. The basic conclusion that one draws
from the work of these authors is that the use of the semi-classical equations of
motion is valid mo long as ¢ > Adgar ~ NY2H/2nr, which is almost always
satisfied for the very flat potentials of interest to inflationists (at least for the last
50 or 80 e-folds which affect our present Hubble volume). |More precisely, the semi-
classical change in ¢ in &2 Hubble time, A¢ gy, =~ -V /3IH? =~ ——V'm:‘/{SNV),
should be much greater than the increase in < ¢2 ,\.g:‘, ~ H{2x, due to the
addition of another quantum mode; see Bardeen et al.*®] At present the validity of
the semi-classical equations of motion seems to be reasonably well established.

{4} No Hair Conjectures

While inflation has been touted from the very beginning as making the present
state of the Universe insensitive to the initial spacetime geometry, not much has
been done to justify this claim until very recently. As | mentioned earlier, inflation
is nearly always analyzed in the context of a flat, FRW cosmologiral tnodel, making
such a elaim soimewhat dubious. However, it has now heen shown that all of the
homogeneous models (with the exception of the highly-closed models) undergo infla-
tion, isotropize and remain isotropic to the present epoch providing that the model
would have inflated the requisite 60 or so e-folds in the absence of anisotropy.'9?

The proof of this result involves three parts. Firat, Wald!* demonstrated that
all homogeneous models with a positive cosmological term asymptotically approach
deSitter (less the aforementioned highly-closed models which recollapse hefore the
cosmological term becomes relevant). Wald's result follows because all forms of
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‘anisotropy energy density’ decrease with increasing proper volume element, whereas
the cosmological term remains constant, and so eventually triumphs. Of course,
inflationary models do not, in the stricteat sense, have a cosmological term, rather
they have a positive vacuum energy as long as the scalar field is displaced from
the minimum of its potential. Thus the dynamica of the scalar field comes into
play: does ¢ atay diaplaced from the minimum of its potential long enough so that
the vacuum energy comes to dominate? Due to the presence of anisotropy the
expansion rate is greater than if there were pnly wacuum energy density, and so the
friction felt by ¢ as it trys to roll ({the 3H ¢ term) is greater and it takes ¢ longer
to evolve to its minimum than without anisotropy. For this reason the Universe
does become vacuum dominated before the vacuum energy disappears, and in {act
the Universe inflates slightly longer in the presence of anisotropy (one or two e-
folds)'%5. Finally, is the anisotropy reduced sufficiently so that the Universe today
is still nearly isotropic? As it turns out, the requisite 80 or so e-folde needed to
solve the other conundrums reduces the growing modes of anisotropy sufficiently to
render them small today.

Allowing for inhomogeneous initial spacetimes makes matters much more dif-
ficult. Jensen and Stein-Schabes!®® and Starobinskii!®? have proven the analogue
of Wald's theorem for spacetimes which are negatively-curved. Jensen and Stein-
Schabes!?® have gone on to conjecture that spacetimes which have sufficiently large
regions of negative curvature will undergo inflation, resulting in a Universe today
which although not globally homogeneous, at least contains emooth volumes as
large as cur current Hubble volume.

Does this improve the situation that Collins and Hawking'® discussed in 19737
While the work of Jensen and Stein-Schabes'?® seems to indicate that many inho-
tnogeneous spacetimes undergo inflation and even leads one to speculate that the
measure of the set of initial spacetitnes which eventually inflate is non-zero, it is
not possible to draw a definite conclusion without first defining a measure on the
space of initial data. In fact, as Penrose?® pointed out there is at least one way of
defining the measure such that this is not the cese. Consider the set of all Cauchy
data at the present epoch; intuitively it is clear that those spacetime elices which
are highly irregular are the rule, and those which are smooth in regions much larger
than our current Hubble volume are the exception. Defining the measure today, it
seems very reasonable that the amooth spacetime slices are a set of mensure zero.
Now evolve the spacetimes back to some initial epoch {for example t = 10~ *¥sec).
Using the seemingly very reasonable measure defined today and the mapping back
to ‘initial' spacetimes, one could argue that the set of initial data which inflate
is still of measure zero. While 1 believe that this argument is technically correct,
I also believe that it is silly. First, upon close examination of all of those initial
spacetimes which led to spacetimes today without smooth regions as large as our
present Hubble volume, one would presumably find that the scalar field responsible
for inflation would be very close to the minimum of its potential (in order that
they not infiate)-not a very generic initial condition. Secondly, if one adopts the
point-of-view of an evolving Universe which has an ‘initial epoch’ (and not every-
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one does), then there is a preferred epoch at which one would define a measure-the
‘initial epoch,’ and at that epoch I believe any reasonably defined measure would
lead to the set of initial spacetimes which inflate being of non-zero measure,

Although it is not possible yet to claim rigorously that inflation has resolved the
problemn of the seemingly special initial data required to reproduce the Universe we
sce today (at least within our Hubble volume), I think that any fairminded person
would admit that it has improved the situation dramatically. Extrapolating from
the solid results that exist, it seems to me that starting with a general inhomoge-
neous spacetime, there will exist regions which undergo inflation and which today
are much larger than our present Hubble volume, thereby accounting for the smooth
region we find ourselves in. From a more global perspective, one might expect that
on scales > H ~} the Universe would be highly irregular. [The evolution of a model
universe which is isotropic and homogeneous except for one spherically-symmetric
region of false yacuum (where ¢ # o) has been studied by the authors of ref. 108.
The results are interesting in that they begin to address the problem of general
initial conditions. The vacuum-dominated bubble becomes causally detached from
the rest of the spacetime, becoming a ‘child Universe’ spawned by inflatior. |

(8) The Present Vanishingly Small Value of the Cosmological Constant

Infletion has shed no light on this difficult and very fundamental puzzle {nor has
anything else for that matter!). In fact, since inflation runs on vacuum energy so to
speak, the fate of inflation hinges upon the resolution of this puzzle. For example,
suppose there were a grand principle that dictated that the vacuum energy of the
Universe is always zero, or that there were an axion-like mechanism which operated
and ensured that any cosmological constant rapidly relaxed to zero; either would be
a disaster to inflation, shorting oul its source of power-vacuum energy. [Another
possibility which has received a great deal of attention recently is the possibility
that deSitter space might be quanturn mechanically unstable!?®
lifetime were at least 60 some e-folds that would not necessarily adversely affect
inflation.|

—of course, i its

12. INFLATION CONFRONTS OBSERVATION

No matter how appesling a theory may be, it must meet and pass the test
of experimental verification. Experiment and/or observation is the final arbiter.
One of the few blemishes on early Univetse physics is the lack, thus far, of exper-
imental/observational tests of the many beautiful and exciting predictions. That
situation is beginning to change as the fleld starts to mature. Inflation is one of the
early Universe theories which is becoming amenabie to verification or falsification.
Inflation makes the following very definite predictions (postdictions?):

{1) N = 1.0 {more precisely, Reuro = R(t) k{72 = H- /it — 1|2 » H1)

(2) Harrison-Zel'dovich spectrum of constant curvature perturbations (and possi-
bly isocurvature perturbations as well) and tensor mode gravitational wave mode
perturbations
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The prediction of {1 = 1.0 together with the primordial nuclecosynthesis con-
straint on the baryonic contribution, 0.014 < Ngh? < 0035 < 0.15 (ref. 8}, sug-
gests that most of the matter in the Universe muast be nonbaryonic. The simplest
and tnoat plausible possibility is that it exists in the form of relic WIMPs { Weakly-
Interacting Massive Particles, e.g., axions, photinos, neutrinos; for a review, nee
ref. 110). Going a step further, these two original predictions then lead to testable
consequences:

(3) Hoto = 2/3 (providing that the bulk of the matter in the Universe today is in
the form of NR particles)

The observational data on both Hy and g are far from being definitive; Hg =
40 ~ 100kmsee "' Mpe~! and {g ~ 12 - 20Gyr, implying only that Hgtp ~ 0.5 — 2.0.
(4 =10

All of the dynamical observations suggest that the fraction of critical density
contributed by matter which is clumped on scales < 10 -- 30MMpc is only about:
ns;,o 22 0.2 1 0.1 (£0.1 is not meant to be a formal error estimate, bul indicates
the spread in the observations) (see refs. 8). If inflation is not to be falsified, that
leaves but iwo options: {1) the observations are somchow misleading or wrong;
or [2) there exists a component of energy density which is stoothly distributed
on scales < 10 — 30Mpc (and therefore would not be reflected in the dynamical
determinations). Candidates for the smooth component include: relic, light neutri-
nos, which by virtue of the large length scale (A, = 13h~2Mpe) on which neutrino
perturbations are damped by freestreaming, would likely still be smooth on these
scales; relic relativistic particles produced by the recent decay of an unstable WIMP
species;'!! a relic cosmological term;*!? ‘failed galaxies,” referring to a population of
galaxies which have the same mix of dark matter to baryons, but are more smoothly
distributed and are too faint to observe (at least thus far);!'3 relic population of
light strings-either fast moving non-intercommuting strings or a tangled network
of non-Abelian strings.''* All of these smooth component scenarios have testable
consequences' ¥ —their predictions for Holg differ from 2/3; the growth of pertur-
bations is different; the evolution of the cosmic scale factor R(t) is different from the
matter-dominated model and various kinematic tests (magnitude-redshift, angnlar
size-redshift, lookback time-redshift, proper volume element-redshift, etc.) can in
principle differentiate between them.

(5) Microwave Fluctuations

Both the scalar and tensor metric perturbations lead to fuctuations in the
CMBR on large angular scales (3 1°). On such large scales causal microphysical
processes [such as reionization) cannot have erased the primordial fluctuations, and
so if ever present, they must still be there. The scalar perturbations {if they have
anything to do with structure formation) must be of amplitude > few x 10~8, which
is within a factor of 10 or less of the current upper limits on these scales.

{8) Two Detailed Stories of Structure Formation
The simplest posaibility, namely that most of the mass density is in relic WIMPs
{(Nwrme = L.O— (g =~ 0.9) leads to two very detailed scenarios of structure for-
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mation: hot dark matter {the case where the dark matter is neutrinos) and cold
dark matter {essentially any other WIMP as dark matter). At present, the nu-
merical simulations of these scenarios are sufficiently definite that it is possible to
falsify them-and in fact, both of these simplest scenarios have difficulties (see the
recent review by White!!'¢). In the hot dark matter case it is forming galaxies early
encugh. The large-acale structure which evolves in this case (voids, superclusters,
froth) qualitatively agrees with what is abserved; however, in order to get agree-
ment with the galaxy-galaxy correlation function, galaxies must form very recently
(redshifts £ 1) in contradiction to all the gelaxies (redshifts as large as 3.2) and
QS(’s [redshifts as large ac 4.0) which are seen at redshifts > 1.

With cold dark matter the simulations can nicely reproduce galaxy clustering,
most of the observed properties of galaxies (masses and densities, rotation curves,
etc)."'” However the simulations do not seem to be able to produce sufficient large-
scale structure. In particular, they fail to account for the amplitude of the cluster-
cluster correlation function (by a factor of about 3), large amplitude, large-scale
peculiar velocities, and voids. [In fairness 1 should mention that our Xnowledge of
large-scale structure of the Universe is still very fragmentary, with the first moderate
sized (~ 10*), 3-dimensional surveys having just recently been completed.] In order
to account for (1 = 1.0, galaxy formation must be biased (i.e., only density-averaged
peaks greater than some threshold, typically 2 — 3¢, are assumed to evolve into
galaxies which we see today, the more typical 1o peaks resnlting in ‘failed galaxies'
for some reason or another: see ref. 113).

[The situation with respect to large scale structure is becoming more inter-
esting every moment. Several groups have now reported large-amplitude {600
1000kmsee "'} peculiar velocities on large scales (~ 50k~ *Mpe) (Burstein et al.;' 1%
Collins et 8].1'%), Such large peculiar velocities are very difficult, if not impossi-
ble, to reconcile with either hot or cold dark matter (or even smoath component
models} and the Zel'dovich spectrum (see ref. 120). If these data hald up they
may pose an almost insurmountable obstacle to any scenario with the Zel’dovich
spectrum of density perturbations. The frothy structure observed in the galaxy
distribution by de Lapparent et al,'?!, galaxies distributed on the surfaces on large
(~ 30k~ 'Mpc), empty bubbles, although somewhat more qualitative, also seems
difficult to reconcile with cold dark matter.|

There are a number of observations/experiments which can and will be done
in the next few years and which should reelly put the inflationary scenario ta the
test. They include improved sensitivity measurements of the CMBR anisotropy.
The microwave background anisotropies predicted in the hot dark matter scenario
are very close to the observational upper limits on angular scales of both 5 or
so arcminutes and 2 few degrees.!? With cold dark matter, the predictions are a
factor of 3 - 10 away from the observational limits (for the isocurvature spectrum,
the quadrupole upper limit may actually rule out this possibility; see, Efstathiou
and Bond'??). An improvement in seasilivity to microwave anisotropies of the order
of 3 — 10 could either begin to confirm one of the scenarios or rule them both out,
and is definitely within the realm of experimental reality (Wilkinson in ref. 5).
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The relic WIMP hypothesis for the dark matter can also be tested. While it was
once almost universally believed that all WIMP dark matter candidates were, in
spite of their large abundance, essentially impoesible to detect because of the feeble-
ness of their interactions, a number of clever ideas have recently been suggested (and
are being experimentally implemented) for detecting axions,'?? photinos, sneutri-
nos, heavy neutrinos, etc.'?* Results and/or limits will be forth coming seon. With
the coming online of the Tevatron at Fermilab, the SLC at SLAC, and hopefully
the SSC it is possible that one of the candidates may be directly produced in the
lab. Experiments to detect neutrino masses in the ¢V mass range also continue.

A geometric menasurement of the curvature of the Universe (which uses the
dependence of the comoving volume element as & function of redshift) has recently
been made by Loh and Spillar.!?® Their preliminary results indicate (1 =~ 0.93]
(95% confidence) (for a matier-dominated model). This technique appears to have
great cosmological leverage and looks very promising (especially the value!)—far
more promising than the traditional approach of determining the density of the
Universe through the deceleration parameter ¢gg.

Another area with great potential for improvement is 3d surveys of the distri-
bution of galaxies. The largest redshift surveys at present contain only a few 1000
galaxies, yet have been very tantalizing, indicating evidence of voids and froth-like
structure to the galaxy distribution.’?' The large, automated surveys which are
likely to be done in the next decade could very well lead to a quantum leap in our
understanding of the large scale features of the Universe and help to provide hints
as to how they evolved.

The peculiar velocity field of the Universe is potentially a very valuable and
direct probe of the density field of the Universe:

16vkl = |8 /kl (= (AH/2%)8¢ for 0 =1) (17)

(Sv/e)a = (A/10°h L Mpc)(6o/p)a (78)

where 8, and §ux are the k — th Fourier components of 6p/p and éu/c respectively.
The very recent measurements which indicate large amplitude peculiar velocities
on scales of ~ 50h~1Mpc are surprising in that they indicate substantial power on
these scales, and are problemetic to almost every scenario of structure formation.
Should they be confirmed they will provide a very acute test of structure formation
in inflationary models.

Of course, theorists are very accommodating and have already started suggest-
ing alternatives to the simplest scenarios for structure formation. As I mentioned
earlier, scenarios with a smooth component to the energy density have been put for-
ward to solve the {1 problem. Cosmic strings present a radically different approach
to structure formation with their non-gaussian apectrum of density fuctuations (for
further discussion see refs. 131}. |It is interesting to note that cosmic strings of
the right ‘weight’ {Gu ~ 107® or so, where x is the string tension) seem to be
somewhat incompatible with inflation, as they must necessarily be produced after
inflation and require reheating to a temperature 2> u!/? ~ 10!'%GeV which seems
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difficult.] Somewhat immodestly [ mention a proposal Silk and I recently made:
‘double inflation*.??® While the Harrison-Zel'dovich spectrum is a beautiful predic-
tion both because of its geometric simplicity and its definiteness, it may well be in
conflict with observation because it does not seem to allow enough power on large
scales to account for the recent observations of froth and large amplitude pecu-
liar velocities. In the variant we have proposed there are two (or more) episodes
of inflation, with the final episode lasting only about 40 e-folds or so, so that the
amplitudes of perturbations on large ncales are set by the first episode and those
on small scales by the second episode. That there might be multiple episodes of
inflation seema quite plausible given the number of different microphysical scenarios
which result in inflation. Arranging the most recent episode to last for only 40 or so
e-folds so that some ol the scales within our present Hubble volume crossed outside
the horizon during an earlier episode of inflation is & more formidable task -- but not
an impossible or ituplavsible one! If this can be arranged then it is possible to have
very large amplitude perturbations on small scales {of order 107 !) and larger than
usual amplitude perturbations on large scales [nearly saturating the large scale
microwave limits), thereby providing enough power for the large scale structure
which the recent redshift surveys and peculiar velocity measurements indicate, The
large atnplitude perturbations on amall acales allow for very early galaxy formation
(and reionization of the Universe, thereby erasing the CMBR. fluctuations on small
angular scales). If the second episode of inflation proceeds via the nucleation of
bubbles, they might directly explain the froth-like structure recently reported by
de Lapparent et al !

13. EPILOGUE

Despite the absence of a compelling model which successfully implements the
inflationary paradigm, inflation remaina a very attractive means of accounting for a
number of very fundamental cosmological facts by microphysics that we have some
understending of: namely, scalar field dynamics at sub-planck energies. The lack of
a compelling model at present must be viewed in the light of the fact that at present
we have no compelling, detailed model for the ‘ Theory of Everything’ and the fact
that despite vigorous scrutiny there has yet to be a No-Go Theorem for inflation
unearthed. It is my belief that the undoing of inflation (if it should come] will
involve observations and not theory. At the very least The Inflationary Paradigm is
sti}l worthy of further consideration-and I hope that [ have convinced you of that
fact!

Due to space/time limitations my review of inflation has necessarily been in-
complete, for which I apologize. I refer the interested reader to the more complete
reviews by Linde'?™; by Abbott and Pi'?®; by Steinhardi!?®; by Brandenberger!39
by Bonometto and Masiero'%; and by Blau and Guth.'3? My prescription for suc-
cessfully implementing inflation borrows heavily from the paper written by Stein-
hardt and myself.®® This work was supported in part by the DoE (at Chicago) and
by my Alfred P. Sloan Fellowship.
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